A New Exact Boundary
at Frequency 22

Teaching and Verification Addendum

for Omega Naught Class-I Icosahedral Cubature

Exact result. The fixed radial Class-I grid X9, containing 4,842 nodes,
supports strictly positive weights of algebraic degree 69. No nonnegative choice
of weights on those same nodes can reach degree 70.

24 August 2026

Exact arithmetic in Q(+v/5); standalone verifier included
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1 What was learned

The earlier exact archive established the target degree

__[3f+2 fodd,
/ 3f+3, feven

for every frequency 2 < f < 21. The public Omega Naught exposition presented a smaller initial block and
left larger frequencies as a frontier. The present calculation moves the exact boundary one step: 99 = 69
is achieved with strict positivity.

It also answers a question the finite block did not answer: is 69 merely a degree we happened to find, or is
it the best possible degree on this particular node set? At f = 22, it is best possible.

( )

Theorem 1 (Frequency-22 exact boundary). Let Xoo C S? be the complete radially projected Class-I
icosahedral grid of frequency 22, and normalize spherical area so that o(S?) = 1.

1. There are strictly positive weights on all nodes of Xog, constant on full icosahedral Hs-orbits,
whose cubature rule is exact for every spherical polynomial of degree at most 69.

2. No nonnegative weights on Xoo can give a cubature rule exact for every spherical polynomial of
degree at most 70.

Consequently the mazimum algebraic degree attainable by nonnegative weights on the fixed node set
Xo9 is exactly 69.

(& J

Claim boundary

This is an exact computational theorem relative to the frozen definitions below. It is new relative to
the supplied site and certificate archive. A web literature check found higher-degree icosahedrally
invariant formulas whose nodes are allowed to move, so this addendum makes no blanket claim of
being the first degree-69 spherical formula. The distinctive claim is about the fized radial Class-I
grid Xoo, nonnegative weights, and exact arithmetic. A definitive priority claim would require a
dedicated bibliographic review and independent peer review.

2 Start from ordinary weighted averages

A cubature rule on the sphere is a weighted average of function values:
Qlp) = Y wyp(x).
zeX

With normalized area, the true spherical average is

/SQp(:c) do(z), /Szldaz 1.

The rule is ezact through degree t if these two expressions agree for every polynomial p(z,y, z) of total
degree at most t, restricted to the unit sphere. The constant polynomial p = 1 forces

Z we = 1.
zeX

Nonnegative weights are valuable because the computed average then stays between the smallest and
largest sampled values. Strictly positive weights also ensure that no grid node is silently discarded.
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Novice checkpoint

Degree 69 does not mean that one special polynomial was integrated. It means every polynomial

built from x,y, z with total degree at most 69 is integrated exactly on the sphere.
The theorem is not saying general smooth functions have zero error. It says their polynomial content
through degree 69 has zero error.

3 The fixed Class-I grid

Let

S

1+
0= 2

and choose one face of a regular icosahedron with vertices

U1 = (07 17¢)7 V2 = (_17¢a 0)7 V3 = (17¢7 O)

For a positive integer f, subdivide each face into a triangular barycentric lattice of frequency f. A lattice
point has nonnegative integer coordinates a, b, c with a + b+ ¢ = f. Radially project

Pab,c c SQ,
||pa,b,0|

Pap,c = V1 + bvy +cvz  to Lab,c =

repeat this on all faces, and deduplicate shared edges and vertices. The resulting node set is X .
| Xp|=10f2+2,  |Xoo| =10(22) +2 = 4,842.

U3

U1 V2
barycentric subdivision shown at frequency 8
Why only 52 orbit unknowns?

The full icosahedral reflection group Hs has order 120. Symmetry moves most of the 4,842 nodes into
large families called orbits. Every orbit has one representative with

a>b>c>0, a+b+c=f.

Thus the orbits are indexed by partitions of f into at most three parts. For f = 22, there are exactly 52
such partitions.
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Instead of one unknown per node, assign one orbit mass Wy to each orbit A\. Every node in that orbit
receives per-node weight Wy /|A|. The normalization is simply

Novice checkpoint : orbit mass versus node weight

An orbit mass is the total weight carried by a whole symmetric family. If an orbit has 60 nodes and
mass 0.12, each node has weight 0.12/60 = 0.002. Confusing these two quantities changes the rule.

4 Why exact arithmetic stays possible

The coordinates contain /5, and radial normalization seems at first to introduce square roots of compli-
cated norms. The moment equations use homogeneous invariants of even degree. Their normalization
denominators are powers of the squared norm, so all values remain in

Q(V5) = {a+bV5:a,bcQ}.
The verifier stores a + by/5 as the rational pair (a,b). Addition and multiplication are exact:

(a + bV5)(c+ dV5) = (ac+ 5bd) + (ad + be)V/5.

For sign tests, it never approximates v/5. If a and b have opposite signs, it compares a? with 5%, taking
the signs of a, b into account.

Spherical monomial means are rational. For nonnegative i, j, k,

/ 220252 g — (20 = DN(2j = DNk — D
2 (204275 + 2k + )N

while any monomial with an odd exponent has mean zero. Expanding the invariant polynomials therefore
keeps every required moment inside Q(+v/5).

AT reading protocol

Exact claim types.

e The equation AW = b means equality of rational pairs, not a residual below a tolerance.

« The inequality W) > 0 means an algebraic sign proof in the chosen real embedding v/5 > 0, not
a positive printed decimal.

o Printed decimals are explanatory metadata only.

5 The symmetry reduction

Define two invariant functions using the twelve icosahedral vertices V. If R? = ¢ + 2, set

Us(z) = > (%)67 Urp(z) = Y (x_];))lo'

veV
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The invariant ring of Hj is generated in degrees 2,6,10. On the unit sphere the degree-two generator is
22+ y? + 22 = 1, so the restricted invariant polynomials are spanned by

UgUfO, T,SEZZQ.

Sobolev’s invariant-cubature principle says that an Hs-invariant rule is exact through degree t if and only
if it is exact on the invariant polynomials through degree t. Therefore we need only the rows

6r 4+ 10s < t.

For orbit representatives x), the exact linear system is

A = Uslan) Uio(r)'s b= [ UgUydo, AW =0,
S

Novice checkpoint

There are enormously many ordinary monomials of degree at most 69. Symmetry does not pretend

they disappear. It proves that if the few invariant tests pass, averaging any error over the group
forces every other test to pass as well.

6 The degree-69 construction

The number of invariant conditions is
N(t) = #{(r,s) € Z%y: 6r + 10s < t}.

At t = 69,
N(69) = 49.

The exact moment matrix has 49 rows, 52 columns, and exact rank 49. Its solution set is therefore a
three-dimensional affine space.

In the verifier’s deterministic orbit ordering, the three free columns are
(9,7,6), (8,8,6), (8,7,7).

Choose their orbit masses to be the rational numbers

11607197

976 7 304954842
2312954

W56 = 161188303’
7156114

Wsr1 = Irosa0843”

Exact back-substitution determines the other 49 masses in Q(v/5). The verifier then proves
52
AW = b, Z Wy =1, Wy >0 for every A.
A=1

The smallest orbit mass is at the vertex orbit (22,0,0):
Wa2,0,0 = 0.003874805888244737 > 0.

The decimal is not the certificate; the exact Q(v/5) sign test is.
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Quantity Exact result

Nodes in Xo9 4,842

Hs-orbits 52

Invariant rows through degree 69 49

Exact rank 49

Affine freedom 3

Positive solution digest 0865572f76c7b8c9. . .665bf340

The invariant reduction now upgrades these 49 identities to exactness for every spherical polynomial
through degree 69.

7 Why degree 70 fails

At degree 70, exactly three new invariant monomials appear:
U,  USUY,, Ul

Their exponent pairs are
(r,s) = (10,1),(5,4),(0,7),

and each has total degree 67 + 10s = 70.

Adding these rows changes the system from 49 x 52 to 52 x 52. Exact elimination proves the matrix is
nonsingular. Thus there is one and only one orbit-mass vector that could possibly reach degree 70. That
vector has exactly one negative component:

Wa1.1,0 = —0.006609660224057734 < 0.

The exact object is an element of Q(+/5); its expression is very large, so the standalone verifier recomputes
it rather than asking a reader to trust a rounded or typeset coefficient.

No new invariant condition occurs at degree 71. All Hs invariants have even degree, and the group contains
central inversion. Therefore the degree-70 and degree-71 invariant systems are identical.

A dual proof that exposes the contradiction

Let A7; be the 52 x 52 matrix and let e, select the orbit x = (21, 1,0). Solve exactly
Allc=e,.
The coefficients ¢ define an invariant polynomial P of degree at most 70 whose sampled orbit values are
P@)=1, P@)=0 (A#x).

Its exact spherical mean is
Pdo=c'b=W, <0.
SQ

If nonnegative orbit masses integrated degree 70, they would instead give

Q[P] =) WiP(zy) =W, >0,
X

contradicting the negative true mean. This is a Farkas-style separating certificate: one polynomial proves
impossibility.
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Novice checkpoint

The negative candidate weight is already enough once uniqueness is proved. The dual polynomial is

stronger as an audit object: it turns the obstruction into a single inequality that every nonnegative
rule would violate.

8 Why arbitrary weights do not escape the obstruction

The computation used orbit-constant weights, but the nonexistence conclusion applies to all nonnegative
weights on the fixed grid.

Lemma 2 (Symmetrization). If arbitrary nonnegative node weights on an Hs-invariant node set are exact
through degree t, averaging those weights over Hs produces nonnegative orbit-constant weights that remain
exact through degree t.

Proof. For each group element g, permute the node weights by ¢, then average the resulting 120 rules.
Nonnegativity and total mass are preserved. The average is constant on orbits. Spherical measure is
invariant under Hj, so every permuted rule, and hence their average, integrates the same polynomial space
exactly. O

If any nonnegative degree-70 rule existed on Xs9, the lemma would produce a nonnegative orbit-constant
one. The dual certificate rules that out. This proves the second part of Theorem 1 without assuming the
original weights respected symmetry.

9 A counting law that predicts the frontier

There is a useful asymptotic reason that the boundary appears near degree 3f. The number of partitions

of f into at most three parts satisfies
2

; f
bits(Xf) ~ *—
#orbits(Xy) TR
while the number of invariant moment rows satisfies
2
N(t) = #{(rs) € Z2o : 67+ 105 < t} ~ T

Equating the leading terms gives
—r = = tx=VI10f~3.1623f.

This is a dimension-count heuristic, not a proof of positivity or impossibility. It does explain why a target
near 3f is plausible and why the linear systems become tight not far above it. At f = 22,

V10 f ~ 69.57.

The positive degree-69 system has three degrees of freedom; the three new degree-70 rows make it square
and force the negative mass.
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Interpretation. Frequency 22 sits almost exactly at the invariant dimension threshold. The
obstruction is not random numerical instability. It appears precisely when the last affine freedom is
consumed by the next three invariant moments.

10 What this does and does not advance

Established now

 The finite exact positive block extends from f < 21 to f < 22 at the target degree 7.

e For f =22 target degree 69 is not merely a lower bound; it is the exact maximum under nonnegative
weighting of the fixed node set.

o The obstruction has an exact primal witness (one forced negative orbit mass) and an exact dual witness
(a cardinal invariant polynomial with negative spherical mean).

e The result is reproducible with standard-library Python and exact rational-pair arithmetic.

Not established

» No all-frequency proof of positive degree 7y is supplied.
e No statement is made about cubature rules whose nodes may move away from the fixed Class-I grid.

e No claim is made that degree 69 is a record among all spherical cubature formulas; it is a sharp
fixed-grid result.

e Machine verification is not a substitute for independent mathematical review, source publication, and
historical priority research.

Research conjecture 3 (Positive fixed-Class-I sequence). For every integer f > 2, the radial Class-I grid
Xy admits strictly positive weights of degree at least

{3f+2, f odd,
Tf—

3f+3, f even.

The exact evidence now covers every 2 < f < 22. The next direct test is f = 23, but the deeper goal is to
replace one-frequency elimination with a uniform convex-geometric or asymptotic proof.

11 How to verify the theorem

Place
Omega_Naught_ClassI_f22_exact_verifier.py

in any directory with Python 3.10 or later, then run:
python3 Omega_Naught_ClassI_£f22_exact_verifier.py

The program takes roughly two minutes on the reference environment. It uses only the Python standard
library and performs the following checks:
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—_

© e N e s N

—_
o

constructs the degree-6 and degree-10 invariants exactly;
computes their exact spherical moments;

enumerates all 52 orbit representatives of Xoo;

row-reduces the degree-69 system in Q(v/5);

substitutes the three stated rational free masses;

verifies all 49 identities, total mass 1, and 52 positive signs;

adds the three degree-70 rows and solves the forced square system;
verifies the single negative mass at (21,1, 0);

builds and checks the exact dual cardinal polynomial; and

. checks SHA-256 digests of both deterministic exact solution vectors.

The successful terminal lines include:

THEOREM: maximum nonnegative H3-orbit-constant degree omn X_22 is 69
CERTIFICATE PASS (...)

Together with Lemma 2, the orbit-constant maximum is also the maximum over arbitrary nonnegative
node weights.

AT reading protocol

Minimum safe parsing contract for another Al

1. Treat Xo9, radial projection, orbit ordering, normalized measure, and the real embedding v/5 > 0
as frozen definitions.

Treat the three rational free masses as inputs, not fitted decimals.

Accept equality only if both rational components of every Q(v/5) residual are zero.
Accept positivity only through the exact sign() method.

Distinguish orbit mass from per-node weight.

Do not broaden the theorem to movable nodes or signed weights.

NS o N

Use symmetrization only for the nonnegative fixed-node corollary.

12 Research directions opened by the result

2.

. Frequency 23. Construct an exact interior point for the target degree 193 = 71, then locate the first

separating dual.

A uniform positivity theorem. Show that the spherical moment vector lies in the relative interior
of the convex hull of the Class-I orbit evaluation vectors for all sufficiently large f.

. Sharp-degree law. Compare the actual maximum degree with the dimension threshold defined by

N(t) < #{partitions of f into at most three parts}.
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4. Dual geometry. Study which near-vertex or near-edge orbit is selected by the first negative cardinal
polynomial and whether that orbit type obeys a periodic law in f.

5. Condition-aware exact solvers. Use floating linear programming only to propose a point in the
positive polytope, then rationalize its free coordinates and certify it over Q(v/5). This avoids false
infeasibility from ill-conditioned raw moment matrices.

Reproducibility record

Ttem Frozen value

Grid complete radial Class-I Xoo

Node count 4,842

Symmetry full icosahedral reflection group Hj

Measure normalized spherical area, total 1

Exact field Q(v/5), real embedding /5 > 0

Degree-69 rows/rank 49/49

Degree-69 free orbits (9,7,6),(8,8,6),(8,7,7)

Minimum positive orbit mass ~ 0.003874805888244737 at (22,0,0)

Degree-70/71 rows/rank 52/52

Forced negative orbit mass ~ —0.006609660224057734 at (21,1,0)

Positive-vector SHA-256 0865572£76c7b8c9816ce937a79361c8
926abe785ac3£41b06e4f289665b£340

Forced-vector SHA-256 c1e620£c9cf6d99623423c£82450540a

5991679e8ded6632bd959914068949f2
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