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Status and dependency boundary. The cubature theorems are consequences of the fixed radial
Class-1 geometry, full icosahedral symmetry, and exact invariant moment systems over Q(v/5). The
OMEGA quotient algebra is used only to encode coefficients already obtained from that geometry. Its
15-bit floor contract is a separate finite replay result. The Papers I-V global object supplies a typed
ambient assembly and an exact coordinate-transport interface; it is not an antecedent of the cubature
proof. The all-frequency statement is a conjecture. No claim of novelty, priority, peer review, or journal
acceptance is made.

Abstract

Let X C S? be the complete frequency-f radial Class-I icosahedral grid. Using the full reflection
group Hs, Sobolev’s invariant-cubature reduction, and exact arithmetic in Q(v/5), we certify strictly
positive orbit-constant probability rules on Xy for 1 < f < 8. Their exact algebraic degrees are

5,9, 11, 15, 17, 21, 23, 27,

respectively. Exact nonzero residuals at the first omitted invariant degrees prove that these are exact
degrees, not only lower bounds.
Independently, the quotient algebra

Ko =Q(T)]\/(\> —=TA—1T?)

admits the exact identification v/5 = 2\/T — 1. Hence every cubature coefficient a + bv/5 has the
two-channel representation (a — b) + (2b/T)A. This is a genuine coefficient-field interoperability map,
but it is not a source of the icosahedral theorem.

Finally, conditional on the frozen strict enclosure of the distinguished real Aq = /(¢ + 7), exact

integer replay verifies
339949771344778
L)‘QdJ = 1015

A determinant-one Farey certificate proves that the first disagreement over all nonnegative integers
occurs at d = 42,189,065. All large coefficients and proof decisions are preserved in the deterministic
verification record identified in Section 10.

The global-object integration extends the multi-sorted object associated with Papers I-V by a
cubature sort. Its radial branch already contains the equal-weight measure iy on Xy; the present
weights define a different positive, full-support measure v on the same nodes. For f > 2, v¢(Hg) = 0,
so orbit reweighting cancels the equal-weight degree-six obstruction rather than reinterpreting it. Exact
SRSD encoding transports the rule without changing any decoded moment. This is a conservative
typed interface, not a new derivation of either branch.

dJ (0 <d<2).
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1 Scope and separation of claims

This paper joins several exact statements at typed interfaces, not at a common mathematical origin:

Layer Statement Status

Radial geometry Definition and symmetry of Xy, with |X;| = Imported from [5]
10f2 +2

Invariant reduction Hs-invariant exactness reduces to invariant mo- Classical; hypotheses
ments checked [8]

Positive cubature Exact positive rules and first failures for 1 < f < Exact finite computa-
8 tion here

OMEGA algebra Q(v/5) embeds by /5 +— 2\/T — 1 Exact algebra here

Finite floor bridge 15-bit equality and first-disagreement minimality Exact, conditional on

the frozen enclosure

Papers I-V object Adjoin the cubature measures and exact interface Conservative typed ex-
laws tension of [7]

All frequencies Positive rules through the proposed threshold for Open conjecture
=9

Deleting the OMEGA sections and files leaves every cubature theorem and proof intact. Conversely,
the OMEGA algebra acquires no geometric theorem merely by representing a coefficient produced by
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the cubature calculation. Likewise, deleting the SRSD coordinate-transport interface leaves the native
cubature calculation unchanged.

2 Fixed Class-1 grids and orbit masses

Put

1++5
<p - 2
and take the icosahedral face with vertices
U1 :(071730)7 V2 = (179070)7 U3 = (@,0,1).
For integers a,b,c > 0 with a + b+ ¢ = f, define

Pabe

Dabe = av1 + bva + cvs, LTabe = m
abc

The complete grid X is the full icosahedral orbit union of these barycentric nodes, with duplicates on
common edges and vertices identified. The exact count

| Xs| =10f%+2

and the radial construction are imported from [5].

Let H3 denote the full icosahedral reflection group. Its orbits on X; have representatives
Af:{(a,b,C):azchZQ a‘l-b-l-C:f},

If Oupe = H3Xape, its size is 12 at a vertex, 30 at an edge midpoint, 60 at a nonmidpoint edge node, and,
for an interior face node, 20, 60, or 120 according as all three barycentric entries are equal, exactly two
are equal, or all are distinct. These sizes sum to 10f2 + 2.

Definition 2.1 (Orbit-mass rule). For total orbit masses W, define

Qo= 3 e S ),

(a,b,c)EA |Oabel 2€04pe

Thus Wpe, not Wape/|Oabel, is the total probability assigned to the orbit. The rule is strictly positive
when every Wy, > 0, and it is probability normalized when >, ; Weape = 1.

Throughout, o denotes normalized spherical area: [s, 1do = 1.

3 Invariant reduction and exact moments

Let
Vieo = {(0, £1,£¢), (£1, £¢,0), (£¢,0,£1)},  RZ=¢p+2,

and write ¥ = v/R. With P, the Legendre polynomial of degree n, define on S?

H,(z) = Z P,(z-0), n = 6, 10.

Ue‘/ico
The normalizations used by the certificate are

23115 — 315¢* 4 105¢2 — 5
B 16

Ps(t)



Exact positive Class-I cubature Newman

and
46189t19 — 109395t8 + 900905 — 30030t* + 3465t — 63
256
Their homogeneous extensions are Hs-invariant harmonic polynomials. In particular,
132 33
H, =—, HgE)=——
6(V) 57 6(E) 50
988 247
Hy(V)=—, Hyp(F)=—
10(V) = Go50 MolB) =~y

on a fivefold vertex axis V and a twofold edge-midpoint axis E. Also

1584
/"mﬂa:/fﬂma:/zﬁHwanﬂx /Iﬁdaz——a
S2 S2 S2? S2? 325

Lemma 3.1 (Invariant test set). Let Q be an Hs-invariant rule on S®. Then Q is exact for every
spherical polynomial of degree at most t if and only if

Q[HsHip) = / HgHjydo whenever 61+ 10s < ¢.
S2

Proof. The invariant ring of the reflection group Hs has homogeneous basic degrees 2,6,10. On S?,
the degree-two invariant is the constant 1. Replacing the degree-six and degree-ten generators by their
harmonic parts is a triangular change of generators, so the restricted invariant algebra is generated
by Hg and Hig. Sobolev’s invariant-cubature criterion then says that an Hs-invariant rule is exact
through degree ¢ if and only if it is exact on all invariant polynomials through degree ¢ [8]. The displayed
monomials are a basis for those restricted invariants. O

Every spherical moment used below is obtained from the exact monomial identity
/ 2202 2 4y — (28 — 1.)!!(2]: — N2k — 1)!!7
s2 (20425 + 2k + )N

with (—=1)!! = 1; a monomial with an odd exponent has mean zero. Consequently all moment matrices

and right-hand sides lie in Q(v/5).

4 Exact positive rules for frequencies one through eight

Define
. 3f+2, fodd,
! 3f+3, f even.
Theorem 4.1 (Certified fixed-grid cubature). For every 1 < f < 8, there is a unique Hs-orbit-constant

rule on Xy satisfying all invariant moment equations through degree ty. Every orbit mass is strictly
positive. The rule has exact algebraic degree ty.

[ |Xf| orbits ty first failure smallest W, approx.
1 12 1 5 6 1.000000
2 42 2 10 0.238095
3 92 3 11 12 0.080984
4 162 4 15 16 0.053869
5 252 5 17 18 0.030520
6 362 7 21 22 0.021749
7 492 8 23 24 0.015328
8 642 10 27 28 0.012087
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Proof. For a = (a,b,c) € Ay, form the invariant moment vector
Va = (H6(ma)TH10($a)s)6r+103gtf

and the spherical target

by = (/ HIHS, da) .
S? 6r+10s<ty

Let My have columns v,. For 1 < f <8, the number of rows equals |Af|. Exact inversion over Q(v/5)
gives

The exact verifier constructs this inverse, reduces every entry to a + bv/5 with a,b € Q, checks all
residuals exactly, and proves every coordinate of W positive by rational sign comparisons. Lemma 3.1
gives exactness through #;.

At the least invariant degree above t¢, the verifier evaluates, respectively for f =1,...,8,

Hg, Hyo, H§, HgHyo, Hg, HgHi, Hg, HiHo.

Every rule-minus-sphere residual is exactly nonzero. Thus the rule fails at that degree, proving that its
algebraic degree is exactly t;. O

4.1 Compact exact formulas for f <4

The first four rules fit legibly in the text. The orbit masses are

Wigo =1,
5 16
Waoo = o7 Wi = o7
26375 — 4500v/5
300 = 201432
1570589 — 397404+/5
Waio = ,
1007160
—28971 + 17496+/5
Wi = )
41965
and
70025 — 12000v/5
400 = 801801 ’
3058238 — 84270/5
W319 = )
8819811
18302 — 270/5
Wayp = ————),
89089
1059800 + 81000+/5
Woi1 = .
2939937
The exact first-failure residuals are
132 4199 14784 627(391241 — 123930+/5)
25’ 5250’ 35425’ 374245000 ’

for f =1,2,3,4, respectively. The complete exact coeflicients and failure residuals for f = 5,6,7,8 are
preserved in the certificate and CSV identified in Section 10; decimals in the table are expository only.
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4.2 Exact sign decisions

For completeness, if w = a + by/5, the verifier never decides its sign numerically. When a and b have
opposite signs, it compares a? and 5b? in Q, with the direction selected from the known rational signs of
a and b. Thus all strict inequalities in Theorem 4.1 reduce to finite integer comparisons.

5 The exact OMEGA coefficient-field representation

The cubature calculation natively produces coefficients in Q(y/5). The following result provides an
alternate exact representation of that field. It does not change the derivation in Sections 2—4.

Theorem 5.1 (Quadratic-field identification). Let T be an indeterminate and let A denote the residue
class of the polynomial variable in

Ko =Q(T)[A/(\2 = TA—T?).

Then Kq is a field and

=1
T

satisfies r?> = 5. The map
L Q(T7 \/5) — Ko, L(\/g) =T

fixing Q(T), is an isomorphism. In particular,

L(a+b\/5)=(a—b)—l—2?b>\ ) a,b € Q.

Proof. The discriminant of X2 — T'X — T? is 572, which is not a square in Q(7T'); hence the polynomial
is irreducible and the quotient is a field. In the quotient,

2\ 2 4 5
(T—1> ~5= 5 (V¥ = TA-T?) =0,

Thus /5 — 7 defines an embedding. Conversely,

T 1

yoT+1)
2

so r generates the quotient over Q(7), proving surjectivity. Expanding a + br gives the displayed

formula. O

The frozen OMEGA specialization uses

1 %)
Qo =0p+ = — Ao = — = .
0 2 T, Q QO 5 Q QO PTQ

At (T, /\) = (TQ, )\Q),
2

A 1=2-1=1/5
7 @ V5,

so the representation recovers the ordinary positive real square root.
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Corollary 5.2 (Exact translation of every certified weight). Every orbit mass in Theorem j.1 has an
exact two-channel OMEGA normal form. For example,

26375 — 45004/5
201432

Ws00 =

becomes

308751 — 9000
201432T

W300 =

All 40 certified orbit masses are exported in both forms by the exact certificate.

Remark 5.3 (Direction of dependence). The logical arrows are

Class-I geometry — invariant moment system
— positive coefficient in Q(v/5)
— OMEGA normal form.

There is no arrow from g, T', or Ag back to the icosahedral moment equations.

6 Finite 15-bit replay and the first disagreement

The same frozen contract declares

S =10%, Q = 339949771344778, qg= %
D =10%,
Lgo = 339949771344778929576702809321279193551009905014259416689444,
Uso = Leo + 1,
and the strict enclosure I I
L= 260 ~60
D <o < D U

Only this last strict enclosure is assumed in the two results below.

Proposition 6.1 (Unsigned 15-bit conformance). Conditional on L < \q < U,

| \ad| = ﬁ)ﬂ (0<d<2Y).

Proof. Exact integer division checks, for all 32,768 values,
5] -5 - 15
S] LDl L D]

Every number strictly between the two endpoints has the same floor. The computation is finite,
exhaustive, and uses arbitrary-precision integers. O

The package also checks the implementation boundary
Q- 32767 < 254 — 1, Q- 65535 > 204 — 1,

which explains why the declared unsigned state width is 15 bits when the product is required to fit in
an unsigned 64-bit word.
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Theorem 6.2 (First disagreement, with minimality). Conditional on L < Aq < U, the least nonnegative
integer d for which
QdJ

had) # |5

18

d. = 42,189,065

At this value,

d
{QS*J = 14,342,162, | Mods | = 14,342,163.

Proof. Exact cross multiplication gives the strict chain

846547 Q 14342163 13495616

T < = < < L < A< U < sr.

2490212 S 42189065 @ 39698853
Moreover,

14342163 - 2490212 — 846547 - 42189065 = 1

and

13495616 - 42189065 — 14342163 - 39698853 = 1.

Thus the middle fraction is a Farey neighbor of the fraction on each side. Any reduced rational
strictly between two determinant-one neighbors has denominator at least the sum of their denominators.

Therefore
14342163

42189065
has the smallest denominator among all rationals in (Q/S,U): any other rational in that interval lies in
one of the two adjacent Farey intervals and has denominator strictly larger than 42,189,065.

If a floor disagreement occurred at a smaller positive d, the integer m = [Qd/S]| + 1 would give,
after reduction if necessary, a rational m/d € (Q/S, \q] C (Q/S,U) with denominator below d,, a
contradiction.

At d,, the middle numerator 14,342,163 lies strictly between (Q/S)d. and Ld,, while the upper
endpoint still has floor 14,342,163. Hence the two displayed floors follow. O

7 The all-frequency convex formulation

The verified frequencies suggest the following deliberately limited statement.

Conjecture 7.1 (Positive fixed-Class-I cubature). For every f > 1, there are strictly positive Hs-orbit
masses on Xy whose rule is exact for every spherical polynomial of degree at most

. 3f+2, f odd,
I 3f+3, f even.

The conjecture makes no maximality claim. It is proved here only for 1 < f < 8; it remains open
here for f > 9.

Proposition 7.2 (Relative-interior formulation). Fiz f and t. Let v, be the invariant moment vectors
from the proof of Theorem 4.1, including the constant coordinate, and let b be the spherical target vector.
Strictly positive orbit masses exact through degree t exist if and only if

b € relint conv{v, : v € Af}.
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Proof. A positive orbit-mass vector expresses b as a convex combination using every v, with positive
coefficient. Any supporting affine functional that is constant at b must then be constant at every vq, so
b is in the relative interior.

Conversely, let ¢ be the average of all v,. If b is in the relative interior, then for sufficiently small
e >0,

_b—ec

L
still lies in the convex hull. Combining any convex representation of y with the uniform positive
representation of ¢ gives a representation of b in which every coefficient is positive. O

This converts the all-frequency problem into an exact finite-dimensional convex-feasibility problem
and its separating-hyperplane dual. Numerical linear programming may guide the search, but it is not a
proof unless its output is promoted to exact moment and sign certificates.

8 Compatibility with the Papers I-V global object

The multi-sorted construction of [7] is written here as
6 = (SSRSD7 -AS27 unanta Drats Hicos Ctin; j)

Its icosahedral sort already contains the node sets Xy, their equal-weight measures, and the radial
limiting measure. Its arithmetic sort contains the distinguished OMEGA field. The present cubature
data attach to those two sorts, and to the exact SRSD coordinate layer, without identifying the distinct
measures or dynamics.

8.1 Same nodes, distinct measures

The radial branch of & uses

The certified orbit masses instead define

>

IS 01,0l z€0f o

Every Wy , is strictly positive and their sum is one. Thus v and py have the same full support Xy, but
generally assign different masses to its orbits.

Proposition 8.1 (Exact cancellation of the first radial invariants). For the invariant harmonics of
Section 3,
vi(He) =0 (2<f<8), vi(Hio) =0 (3<f<8).

The remaining low-frequency values are
flp(He)  vp(Hy)

1]132/25  988/625
20 0 —4199/5250.

Proof. The normalized spherical means of Hg and Hig are zero. Theorem 4.1 is exact through degree at
least six for f > 2 and through degree at least ten for f > 3, which gives the asserted zeros. The two
exceptional rows are exact evaluations reproduced by the interface verifier. ]
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This is the sharp measure-theoretic distinction between the two papers. For example, the equal-weight
frequency-two rule has ps(Hg) = 33/100, whereas v9(Hg) = 0. The radial asymptotic formula and the
positive limiting value paq(Hg) = Co > 0 in [7] remain statements about py and fiaq; they are not
inherited by the reweighted measures v¢. Orbit reweighting cancels the obstruction on the fixed nodes
rather than altering the radial geometry.

8.2 Arithmetic specialization and canonical records
The global object writes

1 ©
A = —
Q Qoa

The generic quotient of Theorem 5.1 specializes by

)\%2 — ToAQ — Tg =0.

T — 19, qquad\ — Aq.

This specialization does not collapse the coefficient field: 7y is transcendental, since algebraicity of
would make 1/79 — ¢ = 7 algebraic. Consequently the generic identity becomes the exact global-object
identity
\/5H2,\79_17 a+b\@~>(a—b)+2—b/\g.
70 70
Every certified orbit mass therefore lies in the arithmetic sort Ag, and the canonical symbolic record
Cang specified in [7] applies to it. The verifier in this package certifies the algebraic normal forms; it

does not silently substitute a new implementation for that source’s frozen byte serialization.

8.3 Exact transport through SRSD coordinates

For a positive scale vector s € (0,00)3, let Ey and D be the exact encoder and decoder of [7]. Explicitly,

Es(y) = (QS(y)7 rs(y))7 Ds(dv P) = diag(s)d + P, DsEs = idps .
Define
Vis = (Es)gvs.
Then every integrable observable Y satisfies
/ Y(Dse) dopa(e) = [ V() dvs(a).
S2

In particular, for every spherical polynomial p of degree at most ¢,

[ pDee)doye) = /S pdo.

This is lossless coordinate transport of an already proved rule. Dropping a residual channel, rounding,
or retaining only an SRSD quotient is a different record map and is not covered by the identity.

Theorem 8.2 (Conservative cubature extension). Let Ceup contain the forty orbit masses, the measures
vy, their exact degrees, and their first-failure residuals for 1 < f < 8. Adjoining this sort and the three
displayed interfaces gives

Q5CUb = (inccub; J U s7cub)‘

This extension exists and is conservative in the following concrete sense: projection onto & recovers
every original component and gluing law unchanged, while projection onto the Class-I geometry and Ceyt
recovers Theorem /.1. No floor dynamics, finite-limb record, or SRSD transport statement is used to
solve the cubature moment systems.

10
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Proof. The exact certificate constructs Ceyp, over Q(v/5), proves positivity and the moment identities, and
evaluates every first failure. The arithmetic interface is Theorem 5.1 followed by the specialization above.
The SRSD interface follows from DyE; = id and the definition of pushforward measure. These add a
new sort and new maps whose codomains are existing sorts; they alter none of the data or equations
already present in &. The two stated projections and the dependency claim follow directly. O

The complete dependency boundary for this single integrated construction is summarized below.

Layer Exact interface used Not claimed
Radial same Xy; py and vy distinguished radial asymptotics for v
OMEGA exact normal form for every Wy , OMEGA origin of geometry or weights
SRSD lossless decoded moment transport compression or quotient-only exactness
Floor systems 15-bit replay remains intact role in moment equations or positivity
Finite records the frozen canonical record accepts each field a replacement byte serialization

element
Cubature exact rules and first failures for f < 8 all-frequency proof, maximality, novelty, or

priority

9 Provenance and literature boundary

Invariant cubature and icosahedral orbit quadrature are classical subjects. McLaren [4], Goethals and
Seidel [2], Konyaev [3], Ahrens and Beylkin [1], Nozaki and Sawa [8], and Popov [9] are among the
relevant starting points. Popov, in particular, describes icosahedrally invariant spherical cubature
through substantially higher orders using movable orbit parameters [9]. The present question is narrower:
positive orbit-constant weights on the already fixed, radially projected Class-1 node sets.

No priority conclusion is drawn here. The f = 1 icosahedral design and the f = 2 42-node rule
should be treated as classical or implicit unless a complete historical audit establishes otherwise. The
exact fixed-node calculations for f = 3, ..., 8 likewise require a specialist literature search before any
novelty language is considered.

The radial construction and degree-six normalization are imported from [5]. The OMEGA contract,
algebra, and enclosure are frozen from [6]; the live-site snapshot is provenance only and is not an
executable dependency. The ambient multi-sorted notation, exact SRSD transport law, and the
distinction between the equal-weight radial measure and other attached sorts are imported from the
Papers -V synthesis [7]. Its local PDF snapshot is frozen by hash; none of its unrelated dynamical or
foundational claims is needed for the cubature proof.

10 Reproducibility

The reproducibility record contains the manuscript source, the frozen contract, the native baseline
source, exact scripts, machine-readable coefficients, and human-readable certificates. The principal
frozen artifacts are:

11
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Artifact SHA-256

certificates/cubature_f1_f8_certificate. e37e9d1e5£0£3cc6093640e0f1460dab
txt fabcf294e529489631c2£50980cb6443
data/orbit_masses_f1_f8.csv €10d2a4278bf2ae497cb06127a239a0f

1af7bf0cffad60311b£f6c279918e7946
certificates/omega_embedding_certificate. 90abccbb31c5682c13412708b145e885

txt 522acb60d9ad90bd693b5219ba069306
certificates/omega_15bit_bridge_ 4ef4248b51b69f9776£fbeb375¢c3d99d
certificate.txt 793db153a7e3beal3d25175672d8e2f0ac
omega/0OMEGA_NAUGHT_1_0.txt ad71b4d5b9395ab47fae8e78decbbeb
56aee760c9b20833358b8940eab68£8b8
certificates/global_object_interface_ £1£82ab92e117e8bcd599440a843374d
certificate.txt 5376711ab5b0771fab4dbfb3093d05c22
global_object/Global_Mathematical_ cbe30136476c14602545eaab3b0984d0
Object_Papers_I-V_v1.0.pdf 05cce6626378ddf8c402e28363c90ed2

With Python 3 and SymPy 1.14.0, run
./run_checks.sh.

The first script reconstructs all moment systems and weights rather than trusting the stored CSV.
It verifies harmonicity, exact spherical moments, orbit counts, matrix inversion, zero residuals, strict
signs, first failures, and the OMEGA channel export. The second verifies the quotient-algebra identity
and all 40 specializations. The third exhausts the 15-bit domain and checks the Farey minimality
certificate. The fourth verifies the global-object interface: common support, probability normalization,
exact obstruction cancellation, arithmetic specialization, and preservation of the source-PDF hash.

The paper compiles with three runs of pdflatex; three runs are used so the table of contents and
all cross-references are settled.

11 Conclusion

The fixed radial Class-I grids support a concrete sequence of exact positive cubature rules through
frequency eight. Their proof is native to icosahedral geometry and invariant moment theory. The
OMEGA quotient algebra then gives every resulting Q(v/5) coefficient an exact alternate two-channel
representation, while the frozen 15-bit contract supplies an independent deterministic replay test with a
proved first disagreement.

Relative to the Papers I-V global object, the result is a conservative new cubature sort. It reweights
the existing Class-I node sets, embeds every weight in the existing OMEGA arithmetic sort, and survives
exact SRSD coordinate transport. The equal-weight radial measure, its asymptotics, and the rational
and real floor dynamics retain their original meanings.

This is the intended integration: exact geometry first, exact representation second, and explicit
dependency boundaries throughout.
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