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Status and dependency boundary. The cubature theorems are consequences of the fixed radial
Class-1 geometry, full icosahedral symmetry, and exact invariant moment systems over Q(v/5). The
OMEGA quotient algebra is used only to encode coefficients already obtained from that geometry. Its
15-bit floor contract is a separate finite replay result. The Papers I-V global object supplies a typed
ambient assembly and an exact coordinate-transport interface; it is not an antecedent of the cubature
proof. The all-frequency statement remains a conjecture from frequency ten onward. No claim of
novelty, priority, peer review, or journal acceptance is made.

Abstract

Let X C S? be the complete frequency-f radial Class-I icosahedral grid. Using the full reflection
group Hs, Sobolev’s invariant-cubature reduction, and exact arithmetic in Q(v/5), we certify strictly
positive orbit-constant probability rules on Xy for 1 < f < 9. Their exact algebraic degrees are

5,9, 11, 15, 17, 21, 23, 27, 29,

respectively. Exact nonzero residuals at the first omitted invariant degrees prove that these are exact
degrees, not only lower bounds.

For f <8 the invariant systems are square and give unique rules. At f =9, the exact 11-by-12
system has rank 11 and a one-dimensional affine solution space. The exact specialization W33z = 1/27
gives twelve strictly positive masses; no floating-point feasibility decision is used in this proof.

Independently, the quotient algebra

Ko =Q(T)[N/(N = Tx-T?)

admits the exact identification v/5 = 2M\/T — 1. Hence every cubature coefficient a + bv/5 has the
two-channel representation (a — b) + (2b/T)A. This is a genuine coefficient-field interoperability map,
but it is not a source of the icosahedral theorem.

Finally, conditional on the frozen strict enclosure of the distinguished real A = ¢ /(¢ + 7), exact

integer replay verifies

339949771344778
|Aad| = { ToT dJ (0 <d<2Y).

A determinant-one Farey certificate proves that the first disagreement over all nonnegative integers
occurs at d = 42,189,065. All large coefficients and proof decisions are preserved in the deterministic
verification record identified in Section 10.

The global-object integration extends the multi-sorted object associated with Papers I-V by a
cubature sort. Its radial branch already contains the equal-weight measure p1r on Xy; the present
weights define a different positive, full-support measure v on the same nodes. For f > 2, vy(Hg) = 0,
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so orbit reweighting cancels the equal-weight degree-six obstruction rather than reinterpreting it. Exact
SRSD encoding transports the rule without changing any decoded moment. This is a conservative
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This paper joins several exact statements at typed interfaces, not at a common mathematical origin:
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Layer Statement Status

Radial geometry Definition and symmetry of Xy, with [X;| = Imported from [5]
10f2 +2

Invariant reduction Hs-invariant exactness reduces to invariant mo- Classical; hypotheses
ments checked [8]

Positive cubature Exact positive rules and first failures for 1 < f < Exact finite computa-
9 tion here

OMEGA algebra Q(v/5) embeds by /5 +— 2\/T — 1 Exact algebra here

Finite floor bridge 15-bit equality and first-disagreement minimality Exact, conditional on

the frozen enclosure

Papers I-V object Adjoin the cubature measures and exact interface Conservative typed ex-
laws tension of [7]

All frequencies Positive rules through the proposed threshold for Open conjecture
f>10

Deleting the OMEGA sections and files leaves every cubature theorem and proof intact. Conversely,
the OMEGA algebra acquires no geometric theorem merely by representing a coefficient produced by
the cubature calculation. Likewise, deleting the SRSD coordinate-transport interface leaves the native
cubature calculation unchanged.

2 Fixed Class-I grids and orbit masses

Put
145
2

®

and take the icosahedral face with vertices
U1 :(071790)7 Vg = (17()070)7 03:((p,0,1).

For integers a,b,c > 0 with a + b+ ¢ = f, define

Pabe
‘ |pabc | |

Dabe = av1 + bva + cvs, LTabe =

The complete grid X is the full icosahedral orbit union of these barycentric nodes, with duplicates on
common edges and vertices identified. The exact count

| Xs| =10f%+2

and the radial construction are imported from [5].
Let H3 denote the full icosahedral reflection group. Its orbits on X; have representatives

Ar={(a,b,c):a>b>c>0, a+b+c= f}.

If Oupe = Hsxape, its size is 12 at a vertex, 30 at an edge midpoint, 60 at a nonmidpoint edge node, and,
for an interior face node, 20, 60, or 120 according as all three barycentric entries are equal, exactly two
are equal, or all are distinct. These sizes sum to 102 + 2.
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Definition 2.1 (Orbit-mass rule). For total orbit masses Wy, define

Qslgl = Y Wane > g(=).

(quyC)EAf | Oabc | €O gpbc

Thus Wape, not Wape/|Oapel, is the total probability assigned to the orbit. The rule is strictly positive
when every Wy, > 0, and it is probability normalized when )", ; Weape = 1.

Throughout, o denotes normalized spherical area: [q, 1do = 1.

3 Invariant reduction and exact moments

Let
Vico = {(O, +1, :I:cp), (:I:l, +op, 0), (:I:(p, 0, :I:l)}, R? = w4+ 2,

and write ¥ = v/R. With P, the Legendre polynomial of degree n, define on S?
H,(z) = Z P,(z-0), n = 6, 10.
v€Vico

The normalizations used by the certificate are

23115 — 315¢* 4+ 105¢2 — 5

Py(t
and
46189t — 109395¢% + 900905 — 30030t* + 3465t% — 63
Py(t) = .
256
Their homogeneous extensions are Hs-invariant harmonic polynomials. In particular,
132 33
H =—, Hg(E)=——
6(V) =355+ HelB) =55
988 247
H =—, Hiy(E)=——
10(V) = Go5 HolE) = =3¢
on a fivefold vertex axis V and a twofold edge-midpoint axis E. Also
1584
H@dd:/ dea:/ HeHygdo = 0, Hido = ——.
s? s2 s2 S2 325

Lemma 3.1 (Invariant test set). Let Q be an Hs-invariant rule on S?. Then Q is exact for every
spherical polynomial of degree at most t if and only if

Q[HgHip) = / HiH{ydo whenever 61+ 10s <.
S2

Proof. The invariant ring of the reflection group H3z has homogeneous basic degrees 2,6,10. On S?,
the degree-two invariant is the constant 1. Replacing the degree-six and degree-ten generators by their
harmonic parts is a triangular change of generators, so the restricted invariant algebra is generated
by Hg and Hig. Sobolev’s invariant-cubature criterion then says that an Hs-invariant rule is exact
through degree ¢ if and only if it is exact on all invariant polynomials through degree ¢ [8]. The displayed
monomials are a basis for those restricted invariants. O

Every spherical moment used below is obtained from the exact monomial identity
/ 2202 2 4 — (26 — 1.)!!(2]: — N2k — 1)!!7
s2 (20425 + 2k + )N

with (—=1)!! = 1; a monomial with an odd exponent has mean zero. Consequently all moment matrices
and right-hand sides lie in Q(v/5).
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4 Exact positive rules for frequencies one through nine

Define
. 3f+2, f odd,
I 3f+3, f even.

Theorem 4.1 (Certified fixed-grid cubature). For every 1 < f < 9, the fized grid Xy supports a
strictly positive Hz-orbit-constant probability rule of exact algebraic degree ty. For 1 < f <8, the rule
satisfying the required invariant moments is unique. For f =9, the required moment equations have a
one-dimensional affine solution space; one exact positive member is selected by

1
Ws3ss = 77
f | Xyl orbits ¢y first failure smallest W, approx.
1 12 1 5 6 1.000000
2 42 2 9 10 0.238095
3 92 3 11 12 0.080984
4 162 4 15 16 0.053869
5 252 5 17 18 0.030520
6 362 7 21 22 0.021749
7 492 8 23 24 0.015328
8 642 10 27 28 0.012087
9 812 12 29 30 0.006601

Proof. For a = (a,b,c) € Ay, form the invariant moment vector
Va = (H6($0‘)TH10($C“)S)67‘+105§1€]¢

and the spherical target

by — (/ HIHS, da) .
S2 6r+10s<t;

Let My have columns v,. For 1 < f < 8, the number of rows equals |Af|. Exact inversion over Q(v/5)
gives
The exact verifier constructs this inverse, reduces every entry to a + by/5 with a,b € Q, checks all
residuals exactly, and proves every coordinate of Wy positive by rational sign comparisons. Lemma 3.1
gives exactness through ¢;.

At the least invariant degree above ¢y, the verifier evaluates, respectively for f =1,...,8,

Hg, Hyo, HE, HeHy, Hi, HiHy, Hg, HHio.

Every rule-minus-sphere residual is exactly nonzero. Thus the rule fails at that degree, proving that its
algebraic degree is exactly t;.
For f =9, the twelve orbit representatives, in certificate order, are

(9,0,0),(8,1,0),(7,2,0),(7,1,1),(6,3,0), (6,2,1),
(5,4,0),(5,3,1),(5,2,2),(4,4,1),(4,3,2),(3,3,3).

Their orbit sizes are
12,60, 60, 60, 60, 120, 60, 120, 60, 60, 120, 20,
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which sum to 812. The eleven invariant rows are indexed by

(r,s) =(0,0),(1,0),(0,1),(2,0), (1,1),(3,0),(0,2),(2,1), (4,0), (1,2), (3, 1).
Exact row reduction gives
rank Mg = rank[My | bg] = 11, W (t) = WPt ¢yl

normalized so that Whis' = 0 and Wi44' = 1. Substitution of the rational parameter t = 1/27 makes the
twelve masses approximately

(0.028153,0.006601, 0.053698, 0.115340, 0.099822, 0.101703,
0.059136,0.134511,0.108995, 0.105497, 0.149506, 0.037037).

The displayed decimals are only orientation: the verifier substitutes 1/27 into the exact affine vector over
Q(V/5), obtains MgW = bg and 3. W = 1 identically, and proves all twelve signs by integer comparisons.
In particular, the exact spherical targets include

3 4 9 (81
do=——— Hgdo = ———.

At the first omitted invariant degree, 30, both residuals are exactly nonzero:
Qdﬂ%y—/QH%do%00%%MMmﬁ&
S

Qo[HJ] — /2 HY do ~ —0.2197160741.
S

Their full exact Q(v/5) values, together with WPat and W™ are regenerated in the certificate. Hence
the selected frequency-nine rule has exact degree 29. 0

4.1 Compact exact formulas for f <4

The first four rules fit legibly in the text. The orbit masses are

Wioeo =1,
5 16
200 = 57 Wi = o7
26375 — 4500/5
Wso0 = ;
201432
1570589 — 397404+/5
Waip = ,
1007160
—28971 + 17496+/5
Wi = )
41965
and
70025 — 12000v/5
Wago = ;
801801
3058238 — 84270v/5
310 = 8819811 ’
18302 — 270v/5
Wag = ——e——,
89089
1059800 + 810005
Wai1 =
2939937

6
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The exact first-failure residuals are

132 4199 14784 627(391241 — 1239301/5)
25 5250 35425 374245000 ’

for f = 1,2, 3,4, respectively. The complete exact coefficients and failure residuals for f =5,6,7,8,9 are
preserved in the certificate and CSV identified in Section 10; decimals in the table are expository only.

4.2 Exact sign decisions

For completeness, if w = a + by/5, the verifier never decides its sign numerically. When a and b have
opposite signs, it compares a? and 5b? in Q, with the direction selected from the known rational signs of
a and b. Thus all strict inequalities in Theorem 4.1 reduce to finite integer comparisons.

5 The exact OMEGA coefficient-field representation

The cubature calculation natively produces coefficients in Q(v/5). The following result provides an
alternate exact representation of that field. It does not change the derivation in Sections 2—4.

Theorem 5.1 (Quadratic-field identification). Let T' be an indeterminate and let A denote the residue
class of the polynomial variable in

Ko = QT)A/(N* = TA = T7).
Then Kq is a field and

ri=——1

T

satisfies r> = 5. The map
L: Q(T,V5) — Kq, L(V5) =,

fixing Q(T), is an isomorphism. In particular,

2b

L(a—i—b\/g):(a—b)%—?)\ . a,beQ.

Proof. The discriminant of X? — TX — T? is 572, which is not a square in Q(7"); hence the polynomial
is irreducible and the quotient is a field. In the quotient,

2\ 2 4
22 1) == —(M\—TA-T% =0.
(T ) g TQ(/\ A )=0

Thus /5 — 7 defines an embedding. Conversely,

T 1
\oTr+1)
2
so 1 generates the quotient over Q(7"), proving surjectivity. Expanding a + br gives the displayed
formula. O
The frozen OMEGA specialization uses
1 @
0 @ + T, 70 QO 3 Q QO PTQ
At (T, /\) = (TQ, /\Q),
2\
— —1=2¢p—-1=+5
T SD f’

so the representation recovers the ordinary positive real square root.
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Corollary 5.2 (Exact translation of every certified weight). Every orbit mass in Theorem j.1 has an
exact two-channel OMEGA normal form. For example,

26375 — 45004/5
201432

Ws00 =

becomes

308751 — 9000
201432T

W300 =

All 52 certified orbit masses are exported in both forms by the exact certificate.

Remark 5.3 (Direction of dependence). The logical arrows are

Class-I geometry — invariant moment system
— positive coefficient in Q(v/5)
— OMEGA normal form.

There is no arrow from g, T', or Ag back to the icosahedral moment equations.

6 Finite 15-bit replay and the first disagreement

The same frozen contract declares

S =10%, Q = 339949771344778, qg= %
D =10%,
Lgo = 339949771344778929576702809321279193551009905014259416689444,
Uso = Leo + 1,
and the strict enclosure I I
L= 260 ~60
D <o < D U

Only this last strict enclosure is assumed in the two results below.

Proposition 6.1 (Unsigned 15-bit conformance). Conditional on L < \q < U,

| \ad| = ﬁ)ﬂ (0<d<2Y).

Proof. Exact integer division checks, for all 32,768 values,
5] -5 - 15
S] LDl L D]

Every number strictly between the two endpoints has the same floor. The computation is finite,
exhaustive, and uses arbitrary-precision integers. O

The package also checks the implementation boundary
Q- 32767 < 254 — 1, Q- 65535 > 204 — 1,

which explains why the declared unsigned state width is 15 bits when the product is required to fit in
an unsigned 64-bit word.
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Theorem 6.2 (First disagreement, with minimality). Conditional on L < Aq < U, the least nonnegative
integer d for which
QdJ

had) # |5

18

d. = 42,189,065

At this value,

d
{QS J = 14,342,162,  |[Aqd.] = 14,342,163.

Proof. Exact cross multiplication gives the strict chain

846547 < Q < 14342163 cL<ho<l< 13495616
2490212 S 42189065 @ 39698853
Moreover,
14342163 - 2490212 — 846547 - 42189065 = 1
and

13495616 - 42189065 — 14342163 - 39698853 = 1.

Thus the middle fraction is a Farey neighbor of the fraction on each side. Any reduced rational
strictly between two determinant-one neighbors has denominator at least the sum of their denominators.

Therefore
14342163

42189065

has the smallest denominator among all rationals in (Q/S,U): any other rational in that interval lies in
one of the two adjacent Farey intervals and has denominator strictly larger than 42,189,065.

If a floor disagreement occurred at a smaller positive d, the integer m = |Qd/S]| + 1 would give,
after reduction if necessary, a rational m/d € (Q/S, o] C (Q/S,U) with denominator below d., a
contradiction.

At d,, the middle numerator 14,342,163 lies strictly between (Q/S)d, and Ld,, while the upper
endpoint still has floor 14,342,163. Hence the two displayed floors follow. O

6.1 Exact Julia replay kernel

For proof-level replay, a direct floating-point evaluation of ¢ /(¢ + ) is unnecessary and would make
correctness depend on a precision analysis. Listing 1 instead compares the rational implementation
with both published decimal endpoints using only arbitrary-precision integers. The strict enclosure then
supplies the real number between them. The same kernel checks the determinant-one Farey data and
the Wspo channel conversion. It remains logically independent of the cubature moment systems.

Listing 1: Exact Julia reference kernel for OMEGA interoperability and replay.

module ExactOmegaReplay

# Ezact reference kernel for the coefficient map and frozen floor contract
# No floating-point evaluation of pt or lambda_Omega is used.

struct QSqrtb
a::Rational{BigInt}
b::Rational{BigInt}
end

"Return A,B for a+b*sqrt(5) -> A+Bx(lambda/T)."
function omega_channels(x::QSqrt5)
return (x.a - x.b, 2 * x.b)
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end

const S = BigInt(10)~15

const Q = BigInt("339949771344778")

const D = BigInt(10)~60

const L60 = BigInt(
"339949771344778929576702809321279193551009905014259416689444"

)

const U0 = L60 + 1

function verify_15bit_contract()
for d in BigInt(0):BigInt(32767)
qfloor = £1d(Q * d, S)
@assert gfloor == £f1d(L60 * d, D)
@assert gfloor == £1d(U60 * d, D)
end
Qassert Q * BigInt(32767) < BigInt(typemax(UInt64))
Q@assert Q * BigInt(65535) > BigInt(typemax(UInt64))
return true
end

function verify_first_disagreement()
left_n, left_d = BigInt(846547), BigInt(2490212)
nstar, dstar = BigInt(14342163), BigInt(42189065)
right_n, right_d = BigInt(13495616), BigInt(39698853)

# left < /S < nmstar/dstar < L < lambda < U < right
Qassert left_n * S < Q * left_d

Qassert Q * dstar < nstar * S

Qassert nstar * D < L60 * dstar

Q@assert U60 * right_d < right_n * D

# Determinant-one neighboring fractions certify denominator minimality.
Qassert nstar *x left_d - left_n * dstar ==
Q@assert right_n * dstar - nstar * right_d ==

@assert f1d(Q * dstar, S) == nstar - 1
@assert f1d(L60 * dstar, D) == nstar
@assert f1d(U60 * dstar, D) == nstar
return true

end

function verify_weight_example()

w300 = QSqrt5(big"26375" // big"201432",
-big"4500" // big"201432")

A, B = omega_channels(w300)
Qassert A == big"30875" // big"201432"
@assert B == -big"9000" // big"201432"
return true

end

function main()
@assert verify_15bit_contract()
Qassert verify_first_disagreement ()
Q@assert verify_weight_example ()
println("EXACT OMEGA REPLAY: PASS")
end

end # module

ExactOmegaReplay.main()

7 The all-frequency convex formulation

The verified frequencies suggest the following deliberately limited statement.

10
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Conjecture 7.1 (Positive fixed-Class-I cubature). For every f > 1, there are strictly positive Hs-orbit
masses on Xy whose rule is exact for every spherical polynomial of degree at most

. 3f +2, f odd,
I 3f +3, f even.

The conjecture makes no maximality claim. It is proved here only for 1 < f < 9; it remains open
here for f > 10.

Frequency nine is the first nonsquare instance. A floating-point max—min linear program on its affine
line gives max; min, W, (t) ~ 0.0220321863, but that decimal is diagnostic rather than evidentiary. The
exact rank computation and the rational choice ¢ = 1/27 in Theorem 4.1 supply the proof.

Proposition 7.2 (Relative-interior formulation). Fiz f and t. Let v, be the invariant moment vectors
from the proof of Theorem /.1, including the constant coordinate, and let b be the spherical target vector.
Strictly positive orbit masses exact through degree t exist if and only if

b € relint conv{v, : v € Ay}

Proof. A positive orbit-mass vector expresses b as a convex combination using every v, with positive
coefficient. Any supporting affine functional that is constant at b must then be constant at every vq, so
b is in the relative interior.

Conversely, let ¢ be the average of all v,. If b is in the relative interior, then for sufficiently small
e >0,

_b—ec

v= 1—e¢
still lies in the convex hull. Combining any convex representation of y with the uniform positive
representation of ¢ gives a representation of b in which every coefficient is positive. O

This converts the all-frequency problem into an exact finite-dimensional convex-feasibility problem
and its separating-hyperplane dual. Numerical linear programming may guide the search, but it is not a
proof unless its output is promoted to exact moment and sign certificates.

8 Compatibility with the Papers I-V global object
The multi-sorted construction of [7] is written here as
6 = (SSRSD’ AQ) unanta Drat’ Hicm Cﬁn; j)

Its icosahedral sort already contains the node sets Xy, their equal-weight measures, and the radial
limiting measure. Its arithmetic sort contains the distinguished OMEGA field. The present cubature
data attach to those two sorts, and to the exact SRSD coordinate layer, without identifying the distinct
measures or dynamics.

8.1 Same nodes, distinct measures

The radial branch of & uses




Exact positive Class-I cubature Newman

Every Wy , is strictly positive and their sum is one. Thus v and py have the same full support Xy, but
generally assign different masses to its orbits.

Proposition 8.1 (Exact cancellation of the first radial invariants). For the invariant harmonics of
Section 3,
l/f(H6) =0 (2§f§9), l/f(Hlo):O (3§f§9)

The remaining low-frequency values are
flvi(Hs)  vi(Hi)

1]132/25  988/625
2| 0 —4199/5250.

Proof. The normalized spherical means of Hg and Hig are zero. Theorem 4.1 is exact through degree at
least six for f > 2 and through degree at least ten for f > 3, which gives the asserted zeros. The two
exceptional rows are exact evaluations reproduced by the interface verifier. ]

This is the sharp measure-theoretic distinction between the two papers. For example, the equal-weight
frequency-two rule has po(Hg) = 33/100, whereas v2(Hg) = 0. The radial asymptotic formula and the
positive limiting value piraq(Hs) = Co > 0 in [7] remain statements about py and piaq; they are not
inherited by the reweighted measures vy. Orbit reweighting cancels the obstruction on the fixed nodes
rather than altering the radial geometry.

8.2 Arithmetic specialization and canonical records
The global object writes

1 @
o AQ:QE Ny — 1odq — 18 = 0.

To =

The generic quotient of Theorem 5.1 specializes by
T +— 19, A — Aq.

This specialization does not collapse the coefficient field: 7 is transcendental, since algebraicity of 7
would make 1/79 — ¢ = 7 algebraic. Consequently the generic identity becomes the exact global-object
identity
\/5%%—9—1, a+b\/5~>(a—b)+2—b/\g.
70 70
Every certified orbit mass therefore lies in the arithmetic sort Agq, and the canonical symbolic record
Cang, specified in [7] applies to it. The verifier in this package certifies the algebraic normal forms; it

does not silently substitute a new implementation for that source’s frozen byte serialization.

8.3 Exact transport through SRSD coordinates
For a positive scale vector s € (0,00)3, let Es and D; be the exact encoder and decoder of [7]. Explicitly,
Es(y) = (qS(y)7 Ts(y))v Ds(da p) - dlag(s)d +p, D,Es = idR3 .

Define
I//\f75 = (ES)#Vf

Then every integrable observable Y satisfies

/ Y(De) dvya(e) = [ ¥ (@) dvy(e).

12
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In particular, for every spherical polynomial p of degree at most ¢,

[ p(D.)a5y(6) = [ pdo

This is lossless coordinate transport of an already proved rule. Dropping a residual channel, rounding,
or retaining only an SRSD quotient is a different record map and is not covered by the identity.

Theorem 8.2 (Conservative cubature extension). Let Cey, contain the fifty-two orbit masses, the
measures Vs, their exact degrees, and their first-failure residuals for 1 < f < 9. Adjoining this sort and
the three displayed interfaces gives

Qscub = (inccub§ J U u7cub)~

This extension exists and is conservative in the following concrete sense: projection onto & recovers
every original component and gluing law unchanged, while projection onto the Class-I geometry and Ceyp
recovers Theorem /J.1. No floor dynamics, finite-limb record, or SRSD transport statement is used to
solve the cubature moment systems.

Proof. The exact certificate constructs Ceyp, over Q(v/5), proves positivity and the moment identities, and
evaluates every first failure. The arithmetic interface is Theorem 5.1 followed by the specialization above.
The SRSD interface follows from DysFE; = id and the definition of pushforward measure. These add a
new sort and new maps whose codomains are existing sorts; they alter none of the data or equations
already present in &. The two stated projections and the dependency claim follow directly. O

The complete dependency boundary for this single integrated construction is summarized below.

Layer Exact interface used Not claimed
Radial same Xy; py and vy distinguished radial asymptotics for v
OMEGA exact normal form for every Wy , OMEGA origin of geometry or weights
SRSD lossless decoded moment transport compression or quotient-only exactness
Floor systems 15-bit replay remains intact role in moment equations or positivity
Finite records the frozen canonical record accepts each field a replacement byte serialization

element
Cubature exact rules and first failures for f <9 proof for f > 10, maximality, novelty, or

priority

9 Provenance and literature boundary

Invariant cubature and icosahedral orbit quadrature are classical subjects. McLaren [4], Goethals and
Seidel [2], Konyaev [3], Ahrens and Beylkin [1], Nozaki and Sawa [8], and Popov [9] are among the
relevant starting points. Popov, in particular, describes icosahedrally invariant spherical cubature
through substantially higher orders using movable orbit parameters [9]. The present question is narrower:
positive orbit-constant weights on the already fixed, radially projected Class-I node sets.

No priority conclusion is drawn here. The f = 1 icosahedral design and the f = 2 42-node rule
should be treated as classical or implicit unless a complete historical audit establishes otherwise. The
exact fixed-node calculations for f = 3,...,9 likewise require a specialist literature search before any
novelty language is considered.

The radial construction and degree-six normalization are imported from [5]. The OMEGA contract,
algebra, and enclosure are frozen from [6]; the live-site snapshot is provenance only and is not an
executable dependency. The ambient multi-sorted notation, exact SRSD transport law, and the
distinction between the equal-weight radial measure and other attached sorts are imported from the
Papers I-V synthesis [7]. Its local PDF snapshot is frozen by hash; none of its unrelated dynamical or
foundational claims is needed for the cubature proof.

13



Exact positive Class-I cubature Newman

10 Reproducibility

The reproducibility record contains the manuscript source, the frozen contract, the native baseline
source, exact scripts, machine-readable coefficients, and human-readable certificates. The principal
frozen artifacts are:

Artifact SHA-256

certificates/cubature_f1_f9_certificate. eeeb2e80d32c£113922b8b231debb66b
txt 69dea33b688244c97ae8fb73ebd6412f
data/orbit_masses_f1_f9.csv 14309b503dbed20b2c6£9612d19c16cb

d04471ca295£85862a1add394c79305e
certificates/omega_embedding_certificate. d545a86d15fde3cf4c29ca4010e1£63

txt e46096b5a77522d9a94d3d6e72e27bcf 1
certificates/omega_15bit_bridge_ 4ef4248b51b69f9776£fbeb375¢c3d99d
certificate.txt 793db153a7e3bealdd25175672d8e2f0ac
omega/0OMEGA_NAUGHT_1_0.txt ad71b4d5b9395ab47fae8e78decbbeb
56aee760c9b20833358b8940eab68£8b8
certificates/global_object_interface_ dab7a2e5c931d0b12781806a02d9e4 1e
certificate.txt 12c2be2929daa893456c00e049ebaeb9
src/exact_omega_replay.jl 313980a72104145120732d88dc55ecfa
38785df5£01b1e9725cc22e88c7080£f5
global_object/Global_Mathematical_ cbe30136476c14602545eaab3b0984d0
Object_Papers_I-V_v1.0.pdf 05cce6626378ddf8c402e28363c90ed2

To preserve the requested single-document form, the exact CSV, certificates, verification sources,
frozen contract, Julia kernel, requirements file, run script, and manuscript source are embedded as
attachments in this PDF. A PDF viewer with an attachments pane can extract them by filename. They
are reproducibility payloads of this paper, not separate papers or companion claims.

With Python 3 and SymPy 1.14.0, run

./run_checks.sh.

The first script reconstructs all moment systems and weights rather than trusting the stored CSV. It
verifies harmonicity, exact spherical moments, orbit counts, the eight square inversions, the rank-eleven
frequency-nine affine system and its 1/27 witness, zero residuals, strict signs, first failures, and the
OMEGA channel export. The second verifies the quotient-algebra identity and all 52 specializations.
The third exhausts the 15-bit domain and checks the Farey minimality certificate. The fourth verifies
the global-object interface: common support, probability normalization, exact obstruction cancellation,
arithmetic specialization, and preservation of the source-PDF hash.

The paper compiles with three runs of pdflatex; three runs are used so the table of contents and
all cross-references are settled.

11 Conclusion

The fixed radial Class-I grids support a concrete sequence of exact positive cubature rules through
frequency nine. Their proof is native to icosahedral geometry and invariant moment theory. The
OMEGA quotient algebra then gives every resulting Q(v/5) coefficient an exact alternate two-channel
representation, while the frozen 15-bit contract supplies an independent deterministic replay test with a
proved first disagreement.

Relative to the Papers I-V global object, the result is a conservative new cubature sort. It reweights
the existing Class-I node sets, embeds every weight in the existing OMEGA arithmetic sort, and survives
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exact SRSD coordinate transport. The equal-weight radial measure, its asymptotics, and the rational
and real floor dynamics retain their original meanings.

This is the intended integration: exact geometry first, exact representation second, and explicit

dependency boundaries throughout.
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EXACT POSITIVE RADIAL CLASS-I CUBATURE CERTIFICATE
frequencies=1..9
arithmetic=Q(sqrt(5))
normalization=probability spherical area
weights=total H_3 orbit masses
proof_branch=exact symbolic; no floating-point decision
omega_role=exact representation only; no geometric implication

f=1
nodes=12
orbits=1
exact_degree=5
basis=H6^0*H10^0
solution_space=unique; nonsingular=PASS (exact inverse constructed)
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=6
failure_pair=(1, 0); residual=132/25; sign=1; approx=5.280000000000000
orbit=(1, 0, 0); size=12
  weight=1
  qsqrt5_channels=(1,0)
  omega_channels=(1,0)
  omega_normal_form=1
  approx=1.000000000000000

f=2
nodes=42
orbits=2
exact_degree=9
basis=H6^0*H10^0,H6^1*H10^0
solution_space=unique; nonsingular=PASS (exact inverse constructed)
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=10
failure_pair=(0, 1); residual=-4199/5250; sign=-1; approx=-0.7998095238095238
orbit=(2, 0, 0); size=12
  weight=5/21
  qsqrt5_channels=(5/21,0)
  omega_channels=(5/21,0)
  omega_normal_form=5/21
  approx=0.2380952380952381
orbit=(1, 1, 0); size=30
  weight=16/21
  qsqrt5_channels=(16/21,0)
  omega_channels=(16/21,0)
  omega_normal_form=16/21
  approx=0.7619047619047619

f=3
nodes=92
orbits=3
exact_degree=11
basis=H6^0*H10^0,H6^1*H10^0,H6^0*H10^1
solution_space=unique; nonsingular=PASS (exact inverse constructed)
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=12
failure_pair=(2, 0); residual=-14784/35425; sign=-1; approx=-0.4173323923782639
orbit=(3, 0, 0); size=12
  weight=(26375 - 4500*sqrt(5))/201432
  qsqrt5_channels=(26375/201432,-375/16786)
  omega_channels=(30875/201432,-375/8393)
  omega_normal_form=(30875*T - 9000*lambda)/(201432*T)
  approx=0.08098362773169579
orbit=(2, 1, 0); size=60
  weight=(1570589 - 397404*sqrt(5))/1007160
  qsqrt5_channels=(1570589/1007160,-4731/11990)
  omega_channels=(1967993/1007160,-4731/5995)
  omega_normal_form=(1967993*T - 794808*lambda)/(1007160*T)
  approx=0.6771184732015505
orbit=(1, 1, 1); size=20
  weight=(-28971 + 17496*sqrt(5))/41965
  qsqrt5_channels=(-28971/41965,17496/41965)
  omega_channels=(-46467/41965,34992/41965)
  omega_normal_form=(-46467*T + 34992*lambda)/(41965*T)
  approx=0.2418978990667537

f=4
nodes=162
orbits=4
exact_degree=15
basis=H6^0*H10^0,H6^1*H10^0,H6^0*H10^1,H6^2*H10^0
solution_space=unique; nonsingular=PASS (exact inverse constructed)
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=16
failure_pair=(1, 1); residual=-627*(-391241 + 123930*sqrt(5))/374245000; sign=1; approx=0.1912021133452119
orbit=(4, 0, 0); size=12
  weight=(70025 - 12000*sqrt(5))/801801
  qsqrt5_channels=(70025/801801,-4000/267267)
  omega_channels=(82025/801801,-8000/267267)
  omega_normal_form=(82025*T - 24000*lambda)/(801801*T)
  approx=0.05386895784615200
orbit=(3, 1, 0); size=60
  weight=(3058238 - 84270*sqrt(5))/8819811
  qsqrt5_channels=(3058238/8819811,-28090/2939937)
  omega_channels=(3142508/8819811,-56180/2939937)
  omega_normal_form=(3142508*T - 168540*lambda)/(8819811*T)
  approx=0.3253816381707151
orbit=(2, 2, 0); size=30
  weight=(18302 - 270*sqrt(5))/89089
  qsqrt5_channels=(18302/89089,-270/89089)
  omega_channels=(18572/89089,-540/89089)
  omega_normal_form=(18572*T - 540*lambda)/(89089*T)
  approx=0.1986582142135960
orbit=(2, 1, 1); size=60
  weight=(81000*sqrt(5) + 1059800)/2939937
  qsqrt5_channels=(151400/419991,27000/979979)
  omega_channels=(978800/2939937,54000/979979)
  omega_normal_form=(978800*T + 162000*lambda)/(2939937*T)
  approx=0.4220911897695369

f=5
nodes=252
orbits=5
exact_degree=17
basis=H6^0*H10^0,H6^1*H10^0,H6^0*H10^1,H6^2*H10^0,H6^1*H10^1
solution_space=unique; nonsingular=PASS (exact inverse constructed)
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=18
failure_pair=(3, 0); residual=-737662464*(-82516239210542598791810908 + 40283458585583212523574261*sqrt(5))/24153841327710981285883929877303625; sign=-1; approx=-0.2308932443797155
orbit=(5, 0, 0); size=12
  weight=(-48516087168133013190233076250 + 22000099605333129963075388125*sqrt(5))/22202973607593002438224378368
  qsqrt5_channels=(-24258043584066506595116538125/11101486803796501219112189184,564105118085464870848086875/569307015579307754826266112)
  omega_channels=(-70516186773466143153308464375/22202973607593002438224378368,564105118085464870848086875/284653507789653877413133056)
  omega_normal_form=(-70516186773466143153308464375*T + 44000199210666259926150776250*lambda)/(22202973607593002438224378368*T)
  approx=0.03051983365536331
orbit=(4, 1, 0); size=60
  weight=(-37896697581824934709090803586485940 + 17020424080339483800969654621903521*sqrt(5))/803899028505827549643983117683200
  qsqrt5_channels=(-1894834879091246735454540179324297/40194951425291377482199155884160,17020424080339483800969654621903521/803899028505827549643983117683200)
  omega_channels=(-18305707220721472836686819402796487/267966342835275849881327705894400,17020424080339483800969654621903521/401949514252913774821991558841600)
  omega_normal_form=(-54917121662164418510060458208389461*T + 34040848160678967601939309243807042*lambda)/(803899028505827549643983117683200*T)
  approx=0.2016766558230983
orbit=(3, 2, 0); size=60
  weight=(1312547244444027156218489815275155 + 590592905755753397978695234121643*sqrt(5))/11008406341816157042258306591174400
  qsqrt5_channels=(262509448888805431243697963055031/2201681268363231408451661318234880,196864301918584465992898411373881/3669468780605385680752768863724800)
  omega_channels=(90244292336034219779974322644189/1376050792727019630282288323896800,196864301918584465992898411373881/1834734390302692840376384431862400)
  omega_normal_form=(360977169344136879119897290576756*T + 590592905755753397978695234121643*lambda)/(5504203170908078521129153295587200*T)
  approx=0.2391947614379761
orbit=(3, 1, 1); size=60
  weight=(2547643698156277057824304002109359320 - 1132536748848140291605213530576441817*sqrt(5))/61073533032119914287467382801804900
  qsqrt5_channels=(7493069700459638405365600006203998/179628038329764453786668772946485,-161790964121162898800744790082348831/8724790433159987755352483257400700)
  omega_channels=(1226726815668139116476505844228600379/20357844344039971429155794267268300,-161790964121162898800744790082348831/4362395216579993877676241628700350)
  omega_normal_form=(3680180447004417349429517532685801137*T - 2265073497696280583210427061152883634*lambda)/(61073533032119914287467382801804900*T)
  approx=0.2491183980993380
orbit=(2, 2, 1); size=60
  weight=(409308394128228403658882348204105 - 177024209154602378375641217226978*sqrt(5))/48195684566431519244639790678400
  qsqrt5_channels=(11694525546520811533110924234403/1377019559040900549846851162240,-88512104577301189187820608613489/24097842283215759622319895339200)
  omega_channels=(45102507944833137079578735802391/3707360351263963018818445436800,-88512104577301189187820608613489/12048921141607879811159947669600)
  omega_normal_form=(586332603282830782034523565431083*T - 354048418309204756751282434453956*lambda)/(48195684566431519244639790678400*T)
  approx=0.2794903509842243

f=6
nodes=362
orbits=7
exact_degree=21
basis=H6^0*H10^0,H6^1*H10^0,H6^0*H10^1,H6^2*H10^0,H6^1*H10^1,H6^3*H10^0,H6^0*H10^2
solution_space=unique; nonsingular=PASS (exact inverse constructed)
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=22
failure_pair=(2, 1); residual=-18634*(-1214779991119335026333 + 539682514437990587950*sqrt(5))/9379296520585500896573125; sign=1; approx=0.01591995906344907
orbit=(6, 0, 0); size=12
  weight=(88598470320371490093183875 - 35644557571744063958658500*sqrt(5))/408984737622438694588223352
  qsqrt5_channels=(88598470320371490093183875/408984737622438694588223352,-62315660090461650277375/715008282556711004524866)
  omega_channels=(124243027892115554051842375/408984737622438694588223352,-62315660090461650277375/357504141278355502262433)
  omega_normal_form=(124243027892115554051842375*T - 71289115143488127917317000*lambda)/(408984737622438694588223352*T)
  approx=0.02174852933083857
orbit=(5, 1, 0); size=60
  weight=(256201419040240243928533100528000 - 107799284719335474899434480784000*sqrt(5))/114924353410259853545432997216567
  qsqrt5_channels=(256201419040240243928533100528000/114924353410259853545432997216567,-8292252670718113453802652368000/8840334877712296426571769016659)
  omega_channels=(52000100537082245546852511616000/16417764772894264792204713888081,-16584505341436226907605304736000/8840334877712296426571769016659)
  omega_normal_form=(364000703759575718827967581312000*T - 215598569438670949798868961568000*lambda)/(114924353410259853545432997216567*T)
  approx=0.1318683989271749
orbit=(4, 2, 0); size=60
  weight=(-106544465543873060533570987873 + 194866644358590641186815915948*sqrt(5))/2066126317931040952634243075880
  qsqrt5_channels=(-9685860503988460048506453443/187829665266458268421294825080,6959523012806808613814854141/73790225640394319736937252710)
  omega_channels=(-301411109902463701720386903821/2066126317931040952634243075880,6959523012806808613814854141/36895112820197159868468626355)
  omega_normal_form=(-301411109902463701720386903821*T + 389733288717181282373631831896*lambda)/(2066126317931040952634243075880*T)
  approx=0.1593274307249779
orbit=(4, 1, 1); size=60
  weight=(-152456084025591493855964139264 + 73571750698438597666101951744*sqrt(5))/74043278540395671999409602685
  qsqrt5_channels=(-152456084025591493855964139264/74043278540395671999409602685,73571750698438597666101951744/74043278540395671999409602685)
  omega_channels=(-226027834724030091522066091008/74043278540395671999409602685,147143501396877195332203903488/74043278540395671999409602685)
  omega_normal_form=(-226027834724030091522066091008*T + 147143501396877195332203903488*lambda)/(74043278540395671999409602685*T)
  approx=0.1628149373910803
orbit=(3, 3, 0); size=30
  weight=(-10772563828360029132914816 + 6980568624963109003245440*sqrt(5))/57354161612564983139968995
  qsqrt5_channels=(-10772563828360029132914816/57354161612564983139968995,126919429544783800059008/1042802938410272420726709)
  omega_channels=(-17753132453323138136160256/57354161612564983139968995,253838859089567600118016/1042802938410272420726709)
  omega_normal_form=(-17753132453323138136160256*T + 13961137249926218006490880*lambda)/(57354161612564983139968995*T)
  approx=0.08432626339010350
orbit=(3, 2, 1); size=120
  weight=(4463097940991126172141056 - 934696836503273636142592*sqrt(5))/6372684623618331459996555
  qsqrt5_channels=(637585420141589453163008/910383517659761637142365,-84972439682115785103872/579334965783484678181505)
  omega_channels=(1799264925831466602761216/2124228207872777153332185,-169944879364231570207744/579334965783484678181505)
  omega_normal_form=(5397794777494399808283648*T - 1869393673006547272285184*lambda)/(6372684623618331459996555*T)
  approx=0.3723787408874487
orbit=(2, 2, 2); size=20
  weight=(119907917193442989855818279799 - 29817545482902904778361035304*sqrt(5))/788232876613579242424094631115
  qsqrt5_channels=(119907917193442989855818279799/788232876613579242424094631115,-29817545482902904778361035304/788232876613579242424094631115)
  omega_channels=(21389351810906556376311330729/112604696659082748917727804445,-59635090965805809556722070608/788232876613579242424094631115)
  omega_normal_form=(149725462676345894634179315103*T - 59635090965805809556722070608*lambda)/(788232876613579242424094631115*T)
  approx=0.06753569934837607

f=7
nodes=492
orbits=8
exact_degree=23
basis=H6^0*H10^0,H6^1*H10^0,H6^0*H10^1,H6^2*H10^0,H6^1*H10^1,H6^3*H10^0,H6^0*H10^2,H6^2*H10^1
solution_space=unique; nonsingular=PASS (exact inverse constructed)
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=24
failure_pair=(4, 0); residual=1033695262752768*(-1004688759424502884875389070127096661778503590776947476847536 + 442322921228571935575268490901070044710015952772233441535223*sqrt(5))/523211941703316803864545106799671614325688556032517890959482027064816196875; sign=-1; approx=-0.03086916524428692
orbit=(7, 0, 0); size=12
  weight=(2360932981409901052938090628327383685646109950930720725073606625 - 851642729174744747216336230544005760043844391958599192634455150*sqrt(5))/29789185337543139504870194537573425183936874957360844865411135488
  qsqrt5_channels=(786977660469967017646030209442461228548703316976906908357868875/9929728445847713168290064845857808394645624985786948288470378496,-425821364587372373608168115272002880021922195979299596317227575/14894592668771569752435097268786712591968437478680422432705567744)
  omega_channels=(3212575710584645800154426858871389445689954342889319917708061775/29789185337543139504870194537573425183936874957360844865411135488,-425821364587372373608168115272002880021922195979299596317227575/7447296334385784876217548634393356295984218739340211216352783872)
  omega_normal_form=(3212575710584645800154426858871389445689954342889319917708061775*T - 1703285458349489494432672461088011520087688783917198385268910300*lambda)/(29789185337543139504870194537573425183936874957360844865411135488*T)
  approx=0.01532777554196071
orbit=(6, 1, 0); size=60
  weight=(221720249319099277299236670869525399855486720648059187480348386456595165342619 - 83216040885769135105026363296596888084603640504413580695149756629869282134241*sqrt(5))/376716189238879923514038780716440923354006944023805769171908739404530248192000
  qsqrt5_channels=(73906749773033092433078890289841799951828906882686395826782795485531721780873/125572063079626641171346260238813641118002314674601923057302913134843416064000,-83216040885769135105026363296596888084603640504413580695149756629869282134241/376716189238879923514038780716440923354006944023805769171908739404530248192000)
  omega_channels=(15246814510243420620213151708306114397004518057623638408774907154323222373843/18835809461943996175701939035822046167700347201190288458595436970226512409600,-83216040885769135105026363296596888084603640504413580695149756629869282134241/188358094619439961757019390358220461677003472011902884585954369702265124096000)
  omega_normal_form=(152468145102434206202131517083061143970045180576236384087749071543232223738430*T - 83216040885769135105026363296596888084603640504413580695149756629869282134241*lambda)/(188358094619439961757019390358220461677003472011902884585954369702265124096000*T)
  approx=0.09461638787579613
orbit=(5, 2, 0); size=60
  weight=(1428585898522429578139130187334503613092161534455981441677042311383082856625 - 85754737816635223054524955266264691790807325429458131798394745763105357775*sqrt(5))/11084579848186053207037042117460657697650490834195809086980709722230374182912
  qsqrt5_channels=(1428585898522429578139130187334503613092161534455981441677042311383082856625/11084579848186053207037042117460657697650490834195809086980709722230374182912,-85754737816635223054524955266264691790807325429458131798394745763105357775/11084579848186053207037042117460657697650490834195809086980709722230374182912)
  omega_channels=(438177267459220139234275214872907495625859045105740617325068592924244275/3207343706072353358517662649728199565292387394153879944149510914997214752,-85754737816635223054524955266264691790807325429458131798394745763105357775/5542289924093026603518521058730328848825245417097904543490354861115187091456)
  omega_normal_form=(757170318169532400596827571300384152441484429942719786737718528573094107200*T - 85754737816635223054524955266264691790807325429458131798394745763105357775*lambda)/(5542289924093026603518521058730328848825245417097904543490354861115187091456*T)
  approx=0.1115813582753129
orbit=(5, 1, 1); size=60
  weight=(-638270903380784652940728655779891343207032969213624704521323343837239844231220491 + 362874989910807953147018538185651045202605711081892938302335589821216164571994579*sqrt(5))/1539865636530100398942804755002276456733465971681348857348541921725352190793198000
  qsqrt5_channels=(-638270903380784652940728655779891343207032969213624704521323343837239844231220491/1539865636530100398942804755002276456733465971681348857348541921725352190793198000,362874989910807953147018538185651045202605711081892938302335589821216164571994579/1539865636530100398942804755002276456733465971681348857348541921725352190793198000)
  omega_channels=(-14302084189879894372682102770936319834423409718507394897480841909406514411474501/21998080521858577127754353642889663667620942452590697962122027453219317011331400,362874989910807953147018538185651045202605711081892938302335589821216164571994579/769932818265050199471402377501138228366732985840674428674270960862676095396599000)
  omega_normal_form=(-500572946645796303043873596982771194204819340147758821411829466829228004401607535*T + 362874989910807953147018538185651045202605711081892938302335589821216164571994579*lambda)/(769932818265050199471402377501138228366732985840674428674270960862676095396599000*T)
  approx=0.1124398371435103
orbit=(4, 3, 0); size=60
  weight=(775500964228524737261317353947144807289571390012409281956125327339453459779 - 61030913933968943719878356871194822197156786761096570845340573781455194188*sqrt(5))/5229318656338473725066552931250195188929670752437806055190009747497706489856
  qsqrt5_channels=(775500964228524737261317353947144807289571390012409281956125327339453459779/5229318656338473725066552931250195188929670752437806055190009747497706489856,-15257728483492235929969589217798705549289196690274142711335143445363798547/1307329664084618431266638232812548797232417688109451513797502436874426622464)
  omega_channels=(36370951224456246999182422209493027368988181598848080556585473961778637129/227361680710368422828980562228269356040420467497295915443043902065117673472,-15257728483492235929969589217798705549289196690274142711335143445363798547/653664832042309215633319116406274398616208844054725756898751218437213311232)
  omega_normal_form=(836531878162493680981195710818339629486728176773505852801465901120908653967*T - 122061827867937887439756713742389644394313573522193141690681147562910388376*lambda)/(5229318656338473725066552931250195188929670752437806055190009747497706489856*T)
  approx=0.1222017119130154
orbit=(4, 2, 1); size=120
  weight=(204814726181763027141816432379443375653873722047846849581001391 - 18706310998473373412122473991722243409196468801689769964101803*sqrt(5))/623149823196943289065633611016311135877483401803250156826982400
  qsqrt5_channels=(1692683687452587001172036631235069220279948116097907847776871/5149998538817713132773831496002571370888292576886364932454400,-18706310998473373412122473991722243409196468801689769964101803/623149823196943289065633611016311135877483401803250156826982400)
  omega_channels=(111760518590118200276969453185582809531535095424768309772551597/311574911598471644532816805508155567938741700901625078413491200,-18706310998473373412122473991722243409196468801689769964101803/311574911598471644532816805508155567938741700901625078413491200)
  omega_normal_form=(111760518590118200276969453185582809531535095424768309772551597*T - 18706310998473373412122473991722243409196468801689769964101803*lambda)/(311574911598471644532816805508155567938741700901625078413491200*T)
  approx=0.2615520972865841
orbit=(3, 3, 1); size=60
  weight=(903036619756016426424221437619737756544214747632730926305467889208598125 + 639048829783726343484488421740315482163749625179468760626443643280184875*sqrt(5))/17048182939884591786021824391690271193137951182824963572472108933860909968
  qsqrt5_channels=(903036619756016426424221437619737756544214747632730926305467889208598125/17048182939884591786021824391690271193137951182824963572472108933860909968,639048829783726343484488421740315482163749625179468760626443643280184875/17048182939884591786021824391690271193137951182824963572472108933860909968)
  omega_channels=(6285423570768811498565071806652911294772979106030051563786291569724125/405909117616299804429091056945006456979475028162499132677907355568116904,639048829783726343484488421740315482163749625179468760626443643280184875/8524091469942295893010912195845135596568975591412481786236054466930454984)
  omega_normal_form=(131993894986145041469866507939711137190232561226631082839512122964206625*T + 639048829783726343484488421740315482163749625179468760626443643280184875*lambda)/(8524091469942295893010912195845135596568975591412481786236054466930454984*T)
  approx=0.1367883751785871
orbit=(3, 2, 2); size=60
  weight=(1135735148123137652752147855995963083064375673056056183679929904937261729*sqrt(5) + 3871260573134013157282169536897070621604807288978853429446038419521558019)/44063051174099102029600573239331681487263172465646617306445806617116595200
  qsqrt5_channels=(3871260573134013157282169536897070621604807288978853429446038419521558019/44063051174099102029600573239331681487263172465646617306445806617116595200,1135735148123137652752147855995963083064375673056056183679929904937261729/44063051174099102029600573239331681487263172465646617306445806617116595200)
  omega_channels=(1447367949741203970650805122169898168539910907895659918394766409832961/23313783689999524883386546687477080151991096542670167887008363289479680,1135735148123137652752147855995963083064375673056056183679929904937261729/22031525587049551014800286619665840743631586232823308653222903308558297600)
  omega_normal_form=(1367762712505437752265010840450553769270215807961398622883054257292148145*T + 1135735148123137652752147855995963083064375673056056183679929904937261729*lambda)/(22031525587049551014800286619665840743631586232823308653222903308558297600*T)
  approx=0.1454924567852334

f=8
nodes=642
orbits=10
exact_degree=27
basis=H6^0*H10^0,H6^1*H10^0,H6^0*H10^1,H6^2*H10^0,H6^1*H10^1,H6^3*H10^0,H6^0*H10^2,H6^2*H10^1,H6^4*H10^0,H6^1*H10^2
solution_space=unique; nonsingular=PASS (exact inverse constructed)
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=28
failure_pair=(3, 1); residual=5282739*(-3081094381060255979479295874725102658324169634807001 + 1439342597350802208343333138644329210474672058355526*sqrt(5))/81800995836505067232429585775287978711384158231580230000000; sign=1; approx=0.008871632783015546
orbit=(8, 0, 0); size=12
  weight=(-1059958227166367575841659318509067615346931151065849025 + 476008318670325794105960590132227567569881136688648800*sqrt(5))/366413590858970899436520402512860425080629584605571999
  qsqrt5_channels=(-1059958227166367575841659318509067615346931151065849025/366413590858970899436520402512860425080629584605571999,36616024513101984161996968471709812889990856668357600/28185660835305453802809261731758494236971506508120923)
  omega_channels=(-170662949537410374438624434293477242546312476417166425/40712621206552322159613378056984491675625509400619111,73232049026203968323993936943419625779981713336715200/28185660835305453802809261731758494236971506508120923)
  omega_normal_form=(-1535966545836693369947619908641295182916812287754497825*T + 952016637340651588211921180264455135139762273377297600*lambda)/(366413590858970899436520402512860425080629584605571999*T)
  approx=0.01208670023805908
orbit=(7, 1, 0); size=60
  weight=(1767490657955745337059235286465319717880981383709554631528174048604 - 775400178009881645027122107289535269648259735034784336076445487543*sqrt(5))/483723442759728308267917288530487640144172271548747240565185600000
  qsqrt5_channels=(441872664488936334264808821616329929470245345927388657882043512151/120930860689932077066979322132621910036043067887186810141296400000,-775400178009881645027122107289535269648259735034784336076445487543/483723442759728308267917288530487640144172271548747240565185600000)
  omega_channels=(847630278655208994028785797918284995843080372914779655868206512049/161241147586576102755972429510162546714724090516249080188395200000,-775400178009881645027122107289535269648259735034784336076445487543/241861721379864154133958644265243820072086135774373620282592800000)
  omega_normal_form=(2542890835965626982086357393754854987529241118744338967604619536147*T - 1550800356019763290054244214579070539296519470069568672152890975086*lambda)/(483723442759728308267917288530487640144172271548747240565185600000*T)
  approx=0.06955038186338918
orbit=(6, 2, 0); size=60
  weight=(39409546875285732901342973243653201146831839779006383928 + 19714890439993488489957447646363721401850335477651239381*sqrt(5))/1011074907214587384886038812977476524730342686095969912500
  qsqrt5_channels=(579552159930672542666808430053723546276938820279505646/14868748635508638013029982543786419481328568913176028125,6571630146664496163319149215454573800616778492550413127/337024969071529128295346270992492174910114228698656637500)
  omega_channels=(19694656435292244411385525597289479744981504301355144547/1011074907214587384886038812977476524730342686095969912500,6571630146664496163319149215454573800616778492550413127/168512484535764564147673135496246087455057114349328318750)
  omega_normal_form=(19694656435292244411385525597289479744981504301355144547*T + 39429780879986976979914895292727442803700670955302478762*lambda)/(1011074907214587384886038812977476524730342686095969912500*T)
  approx=0.08257882919682778
orbit=(6, 1, 1); size=60
  weight=(-5544672927176785617409220874240365434404810080475658165287718202692 + 2501664259992602140975283957976693458601564635080246575604801588013*sqrt(5))/594354985556520106060985701108569400713371604584910796828044322500
  qsqrt5_channels=(-1386168231794196404352305218560091358601202520118914541321929550673/148588746389130026515246425277142350178342901146227699207011080625,357380608570371734425040565425241922657366376440035225086400226859/84907855079502872294426528729795628673338800654987256689720617500)
  omega_channels=(-178807493048208616852988996271490197622363882567908994242055995349/13207888567922669023577460024634875571408257879664684373956540500,357380608570371734425040565425241922657366376440035225086400226859/42453927539751436147213264364897814336669400327493628344860308750)
  omega_normal_form=(-8046337187169387758384504832217058893006374715555904740892519790705*T + 5003328519985204281950567915953386917203129270160493151209603176026*lambda)/(594354985556520106060985701108569400713371604584910796828044322500*T)
  approx=0.08280979590386542
orbit=(5, 3, 0); size=60
  weight=(2071149062130908551994134454643396540967708566901202829825*sqrt(5) + 24250195966462894028423548225741749198747714385970533499900)/317630837361703069752473555331516586958715153564577534600704
  qsqrt5_channels=(6062548991615723507105887056435437299686928596492633374975/79407709340425767438118388832879146739678788391144383650176,4827853291680439515137842551616308953304681974128677925/740398222288352143945159802637567801768566791525821758976)
  omega_channels=(22179046904331985476429413771098352657780005819069330670075/317630837361703069752473555331516586958715153564577534600704,4827853291680439515137842551616308953304681974128677925/370199111144176071972579901318783900884283395762910879488)
  omega_normal_form=(22179046904331985476429413771098352657780005819069330670075*T + 4142298124261817103988268909286793081935417133802405659650*lambda)/(317630837361703069752473555331516586958715153564577534600704*T)
  approx=0.09092765142332112
orbit=(5, 2, 1); size=120
  weight=(14335356293384444014189068555600700372916108663475739 - 782767711795490514745892969457731893368777988091549*sqrt(5))/66123478147498816341078291693673941306634902215503125
  qsqrt5_channels=(14335356293384444014189068555600700372916108663475739/66123478147498816341078291693673941306634902215503125,-782767711795490514745892969457731893368777988091549/66123478147498816341078291693673941306634902215503125)
  omega_channels=(5039374668393311509644987175019477422094962217189096/22041159382499605447026097231224647102211634071834375,-1565535423590981029491785938915463786737555976183098/66123478147498816341078291693673941306634902215503125)
  omega_normal_form=(15118124005179934528934961525058432266284886651567288*T - 1565535423590981029491785938915463786737555976183098*lambda)/(66123478147498816341078291693673941306634902215503125*T)
  approx=0.1903262628010109
orbit=(4, 4, 0); size=30
  weight=(372125167057118563171881917324291986180859119470918460 - 75478858963942599646926802231478215546645901376602939*sqrt(5))/4306090348935689769871574859867776608651913194262328000
  qsqrt5_channels=(18606258352855928158594095866214599309042955973545923/215304517446784488493578742993388830432595659713116400,-75478858963942599646926802231478215546645901376602939/4306090348935689769871574859867776608651913194262328000)
  omega_channels=(21314477429574341086609939026465247701309762897501019/205051921377889989041503564755608409935805390202968000,-75478858963942599646926802231478215546645901376602939/2153045174467844884935787429933888304325956597131164000)
  omega_normal_form=(447604026021061162818808719555770201727505020847521399*T - 150957717927885199293853604462956431093291802753205878*lambda)/(4306090348935689769871574859867776608651913194262328000*T)
  approx=0.04722365093892751
orbit=(4, 3, 1); size=120
  weight=(2597230259112503570123621260960709112872482741305787193142965 - 1052808423366756961954761006186001459475340450867158618328571*sqrt(5))/1184066453589312571148757100415212833189955218544703377962375
  qsqrt5_channels=(74206578831785816289246321741734546082070935465879634089799/33830470102551787747107345726148938091141577672705810798925,-1052808423366756961954761006186001459475340450867158618328571/1184066453589312571148757100415212833189955218544703377962375)
  omega_channels=(1216679560826420177359460755715570190782607730724315270490512/394688817863104190382919033471737611063318406181567792654125,-2105616846733513923909522012372002918950680901734317236657142/1184066453589312571148757100415212833189955218544703377962375)
  omega_normal_form=(3650038682479260532078382267146710572347823192172945811471536*T - 2105616846733513923909522012372002918950680901734317236657142*lambda)/(1184066453589312571148757100415212833189955218544703377962375*T)
  approx=0.2052917354792046
orbit=(4, 2, 2); size=60
  weight=(-7221243025907691695081412251952580015312395698867351547875 + 3416807872973635566951302621041506881446723413370620227875*sqrt(5))/3891073598327168583977060370388039478765644085183941066974
  qsqrt5_channels=(-7221243025907691695081412251952580015312395698867351547875/3891073598327168583977060370388039478765644085183941066974,3416807872973635566951302621041506881446723413370620227875/3891073598327168583977060370388039478765644085183941066974)
  omega_channels=(-136385267934375990538880959910180601240501527079973997125/49885558952912417743295645774205634343149283143383859833,3416807872973635566951302621041506881446723413370620227875/1945536799163584291988530185194019739382822042591970533487)
  omega_normal_form=(-5319025449440663631016357436497043448379559556118985887875*T + 3416807872973635566951302621041506881446723413370620227875*lambda)/(1945536799163584291988530185194019739382822042591970533487*T)
  approx=0.1076750756649646
orbit=(3, 3, 2); size=60
  weight=(9664414411722224264756841922849341234275416329265117772530 - 4267352375969898055629865720870878798236781754290447714283*sqrt(5))/1096785678296357318987255296210935587318009630994491432100
  qsqrt5_channels=(7266477001294905462223189415676196416748433330274524641/824650885937110766155831049782658336329330549619918370,-4267352375969898055629865720870878798236781754290447714283/1096785678296357318987255296210935587318009630994491432100)
  omega_channels=(819515693393654254140394567277660001912482240209150910989/64516804605668077587485605659466799254000566529087731300,-4267352375969898055629865720870878798236781754290447714283/548392839148178659493627648105467793659004815497245716050)
  omega_normal_form=(13931766787692122320386707643720220032512198083555565486813*T - 8534704751939796111259731441741757596473563508580895428566*lambda)/(1096785678296357318987255296210935587318009630994491432100*T)
  approx=0.1115299164904298

f=9
nodes=812
orbits=12
exact_degree=29
basis=H6^0*H10^0,H6^1*H10^0,H6^0*H10^1,H6^2*H10^0,H6^1*H10^1,H6^3*H10^0,H6^0*H10^2,H6^2*H10^1,H6^4*H10^0,H6^1*H10^2,H6^3*H10^1
solution_space=affine_dimension_1; exact_rank=11; witness_W_(3,3,3)=1/27
moment_residuals=PASS (all zero)
strict_positivity=PASS
first_omitted_invariant_degree=30
failure_pair=(0, 3); residual=-273078236288*(-220860610592238354507921250979910399897644648725907078734377454550041273459605564382024695266144440972354253990822669204274519624362605300720055494839300154577916205 + 72105976645617616172463824307793955688517630578788091833613964411384425913310656421847955216667966804502370425090343577504415526525617588501096854539508398151324814*sqrt(5))/173578360486951464232415554515583751448892902810609703735032660983530684495106757221466061774953426321630994107086676258341291286698092844064722940111876774715666305522966796875; sign=1; approx=0.09380643057664379
failure_pair=(5, 0); residual=2303789694976*(-65175495461121234901676284239474204399930494401143646331713032838776107272876469474632560012794550773231412184630418578952695056474567631459238783141281882822510 + 26699162699298554705749058194444373935997434638282380738057955471172847957602415627080458693937179800607776064987240143423007107721128842820379772665406042974417*sqrt(5))/57400249117093830322781185274770079675058683585049934053662114648829785744465411157487017581678408733108960828718422538569361311498649319911245079385858010750321702918515625; sign=-1; approx=-0.2197160741333905
orbit=(9, 0, 0); size=12
  affine_particular=(-29748931901727222464228810226383527573665971730096146158905988751298625044902072961655008441487086832934059449350655109642827815203883468785467625 + 12052925574523030122054951192890758714336627304305593591017431903178372863014813719760346947852610147273576984732111796032532642102919873079881775*sqrt(5))/41141063726863229009104555748451724297334413576688977888429717247856530177701473338060794485735745549482504974417910651556204238354652675506700288
  affine_null=(527487163405141229156630820560825359168484625323671886398866337497902514843327640605558682633293980482204441980231326023499730123273109375 - 210122649270277375273645945688643513998520344460960217355997324727213598631340972465283762139347229953093553736375852741085359352179484375*sqrt(5))/22200784423723349148207147239513798022906156797784720186541998656452005492148653131591782854022965341157710975705762070908466255556706304
  weight=(3430433430103845521801036946453757850535711333871947220505261015383042470105611091275406116165528225418341514635587723826198770827281299550404917152375 - 1258861083774318495061229053838132115669996942390938843640053369015102993029034692530045563697704140855443600891575128581333608417804114111040288862225*sqrt(5))/21864048048067921287827534211512932812299698085609167098004977363918122254167848692252366682293890350562531926109628854573680736635434972523956307755008
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orbit=(3, 3, 3); size=20
  affine_particular=0
  affine_null=1
  weight=1/27
  qsqrt5_channels=(1/27,0)
  omega_channels=(1/27,0)
  omega_normal_form=1/27
  approx=0.03703703703703704

RESULT=PASS



OMEGA QUADRATIC-FIELD EMBEDDING CERTIFICATE
algebra=Q(T)[lambda]/(lambda^2-T*lambda-T^2)
sqrt5_image=2*lambda/T-1
relation_check=PASS
inverse_identity=lambda=T*(sqrt5_image+1)/2: PASS
map=a+b*sqrt(5) -> (a-b)+(2*b/T)*lambda
cubature_orbit_masses_checked=52
distinguished_specialization=(T,lambda)=(tau,phi*tau): PASS
provenance_status=representation only; geometry remains independent
RESULT=PASS



OMEGA_NAUGHT/1.0 EXACT 15-BIT BRIDGE CERTIFICATE
contract=PASS
manifest_ordering=Q/S < L60/10^60 < U60/10^60: PASS
unsigned_states_checked=32768
endpoint_floor_agreement=PASS
conditional_conclusion=if L<lambda<U, floor(lambda*d)=floor(Q*d/S) for 0<=d<32768

FIRST-DISAGREEMENT MINIMALITY CERTIFICATE
left_neighbor=846547/2490212
candidate=14342163/42189065
right_neighbor=13495616/39698853
ordering=left_neighbor < Q/S < candidate < L < U < right_neighbor: PASS
left_determinant=1
right_determinant=1
farey_denominator_bound=PASS
first_disagreement_d=42189065
floor_Qd_over_S=14342162
floor_enclosed_lambda_d=14342163
minimality_conclusion=PASS (conditional on the strict enclosure)
u64_15bit_product_bound=PASS
RESULT=PASS



PAPERS I-V GLOBAL-OBJECT / CUBATURE INTERFACE CERTIFICATE
source_pdf_sha256=cbe30136476c14602545eaab3b0984d005cce6626378ddf8c402e28363c90ed2: PASS
source_pdf_pages=12
interface_scope=same Class-I support; distinct equal-weight and cubature measures
probability_normalization=PASS
strict_full_support=PASS (exact signs inherited from cubature certificate)
cubature_H6_zero_for_f=2..9: PASS
cubature_H10_zero_for_f=3..9: PASS
frequency_2_distinction=mu_2(H6)=33/100; nu_2(H6)=0: PASS
generic_to_global_omega_specialization=PASS
SRSD_transport_status=formal consequence of D_s E_s=id; no finite projection claimed
dependency_status=global object does not generate cubature weights or degrees
cubature_orbit_records=52

f=1; nodes=12; orbits=1; degree=5; cubature_H6=132/25; cubature_H10=988/625; equal_weight_H6=132/25
f=2; nodes=42; orbits=2; degree=9; cubature_H6=0; cubature_H10=-4199/5250; equal_weight_H6=33/100
f=3; nodes=92; orbits=3; degree=11; cubature_H6=0; cubature_H10=0; equal_weight_H6=-1287610148/2233925025 + 11975040*sqrt(5)/29785667
f=4; nodes=162; orbits=4; degree=15; cubature_H6=0; cubature_H10=0; equal_weight_H6=-2783/2438900 + 3465*sqrt(5)/24389
f=5; nodes=252; orbits=5; degree=17; cubature_H6=0; cubature_H10=0; equal_weight_H6=4946043351706422761851728879464412/5133384885655056046462755468646525 - 60022170992037205946350399158720*sqrt(5)/205335395426202241858510218745861
f=6; nodes=362; orbits=7; degree=21; cubature_H6=0; cubature_H10=0; equal_weight_H6=18710038395664*sqrt(5)/436187688155883 + 339137500086297/1615509956132900
f=7; nodes=492; orbits=8; degree=23; cubature_H6=0; cubature_H10=0; equal_weight_H6=478036010309932156152798440855631922609680219560495448592212/1541550567919040881596196650759199506925536828601351146430025 - 134214593562482916390226692433686302485629821343344362944*sqrt(5)/44044301940544025188462761450262843055015337960038604183715
f=8; nodes=642; orbits=10; degree=27; cubature_H6=0; cubature_H10=0; equal_weight_H6=5492985596303886218039499788742251944431/9583436686712443598586169116433443474700 - 11639927538399331783999368339603407757*sqrt(5)/95834366867124435985861691164334434747
f=9; nodes=812; orbits=12; degree=29; cubature_H6=0; cubature_H10=0; equal_weight_H6=1629094467757873877905998739604587559339178013143314035340529866766391712164/3956119818726933852487981407333681272282604964198401599440017179753212427925 - 13138554554009605540861724627978707025935420274435994829795290457788238656*sqrt(5)/263741321248462256832532093822245418152173664279893439962667811983547495195

RESULT=PASS



#!/usr/bin/env python3
"""Exact certificate for positive cubature on radial Class-I grids X_f, 1<=f<=9.

All proof branches use exact arithmetic in Q(sqrt(5)).  Orbit weights are TOTAL
probability masses on full H_3 orbits.  The script constructs each invariant
moment system, proves it nonsingular by constructing its exact inverse, verifies
strict positivity, checks every required moment, and evaluates the first omitted
invariant degree.

For f<=8 the invariant moment system is square and the rule is unique.  At
f=9 it has rank 11 with 12 orbit variables.  The script constructs the full
one-parameter affine solution and specializes the free orbit mass W_(3,3,3)
to the exact rational value 1/27.  This witness is checked by the same exact
moment and sign tests as the square cases.

The OMEGA columns are representations only:
    sqrt(5) -> 2*lambda/T - 1,
    a+b*sqrt(5) -> (a-b) + (2*b/T)*lambda.
They are not inputs to the cubature calculation.
"""
from __future__ import annotations

import argparse
import csv
import math
from functools import lru_cache
from pathlib import Path

import sympy as sp


ROOT = Path(__file__).resolve().parents[1]
x, y, z = sp.symbols("x y z")
T, lam = sp.symbols("T lambda", nonzero=True)
s5 = sp.sqrt(5)
phi = (1 + s5) / 2

# Homogeneous invariant harmonics obtained from the degree-6 and degree-10
# icosahedral zonal sums.  Their restrictions to S^2 generate the restricted
# H_3-invariant polynomial algebra.
H6 = (
    -sp.Rational(33, 20) * (x**6 + y**6 + z**6)
    + (sp.Rational(99, 8) - sp.Rational(693, 40) * s5)
    * (x**4 * y**2 + x**2 * z**4 + y**4 * z**2)
    + (sp.Rational(99, 8) + sp.Rational(693, 40) * s5)
    * (x**4 * z**2 + x**2 * y**4 + y**2 * z**4)
    - sp.Rational(297, 2) * x**2 * y**2 * z**2
)

H10 = (
    -sp.Rational(247, 160) * (x**10 + y**10 + z**10)
    + (sp.Rational(2223, 64) + sp.Rational(24453, 1600) * s5)
    * (x**8 * y**2 + x**2 * z**8 + y**8 * z**2)
    + (sp.Rational(2223, 64) - sp.Rational(24453, 1600) * s5)
    * (x**8 * z**2 + x**2 * y**8 + y**2 * z**8)
    + (-sp.Rational(5187, 160) - sp.Rational(57057, 800) * s5)
    * (x**6 * y**4 + x**4 * z**6 + y**6 * z**4)
    + (-sp.Rational(5187, 160) + sp.Rational(57057, 800) * s5)
    * (x**6 * z**4 + x**4 * y**6 + y**4 * z**6)
    - sp.Rational(15561, 20)
    * (x**6 * y**2 * z**2 + x**2 * y**6 * z**2 + x**2 * y**2 * z**6)
    + sp.Rational(15561, 16)
    * (x**4 * y**4 * z**2 + x**4 * y**2 * z**4 + x**2 * y**4 * z**4)
)

H6_POLY = sp.Poly(H6, x, y, z, extension=s5)
H10_POLY = sp.Poly(H10, x, y, z, extension=s5)

v1 = sp.Matrix([0, 1, phi])
v2 = sp.Matrix([1, phi, 0])
v3 = sp.Matrix([phi, 0, 1])


def partitions3(f: int) -> list[tuple[int, int, int]]:
    """Partitions a>=b>=c>=0 of f; these index the H_3 orbits on X_f."""
    out: list[tuple[int, int, int]] = []
    for a in range(f, -1, -1):
        for b in range(min(a, f - a), -1, -1):
            c = f - a - b
            if b >= c >= 0:
                out.append((a, b, c))
    return out


def orbit_size(abc: tuple[int, int, int]) -> int:
    a, b, c = abc
    if c == 0:
        if b == 0:
            return 12
        return 30 if a == b else 60
    if a == b == c:
        return 20
    if a == b or b == c:
        return 60
    return 120


def basis_pairs(t: int) -> list[tuple[int, int]]:
    pairs = [
        (a, b)
        for a in range(t // 6 + 1)
        for b in range(t // 10 + 1)
        if 6 * a + 10 * b <= t
    ]
    return sorted(pairs, key=lambda q: (6 * q[0] + 10 * q[1], q[0], q[1]))


def first_omitted_pairs(t: int) -> tuple[int, list[tuple[int, int]]]:
    degree = t + 1
    while True:
        pairs = [
            (a, b)
            for a in range(degree // 6 + 1)
            for b in range(degree // 10 + 1)
            if 6 * a + 10 * b == degree
        ]
        if pairs:
            return degree, sorted(pairs)
        degree += 1


def reduced_direction(abc: tuple[int, int, int]) -> tuple[int, int, int]:
    g = math.gcd(math.gcd(abc[0], abc[1]), abc[2])
    return abc if g == 0 else tuple(q // g for q in abc)


@lru_cache(maxsize=None)
def eval_invariant(which: int, abc0: tuple[int, int, int]) -> sp.Expr:
    abc = reduced_direction(abc0)
    a, b, c = abc
    p = a * v1 + b * v2 + c * v3
    n2 = sp.expand(p.dot(p))
    poly = H6 if which == 6 else H10
    num = sp.expand(poly.subs({x: p[0], y: p[1], z: p[2]}))
    return sp.radsimp(sp.cancel(num / n2 ** (which // 2)))


def odd_double_factorial(e: int) -> sp.Integer:
    return sp.Integer(1) if e == 0 else sp.factorial2(e - 1)


@lru_cache(maxsize=None)
def sphere_moment(a: int, b: int) -> sp.Expr:
    """Normalized spherical mean of H6^a H10^b by exact monomial moments."""
    poly = (H6_POLY**a) * (H10_POLY**b)
    total = sp.S.Zero
    for (i, j, k), coeff in poly.terms():
        if i % 2 or j % 2 or k % 2:
            continue
        total += (
            coeff
            * odd_double_factorial(i)
            * odd_double_factorial(j)
            * odd_double_factorial(k)
            / sp.factorial2(i + j + k + 1)
        )
    return sp.radsimp(sp.cancel(total))


def qsqrt5_parts(q: sp.Expr) -> tuple[sp.Rational, sp.Rational]:
    q = sp.radsimp(sp.cancel(q))
    qc = q.xreplace({s5: -s5})
    a = sp.cancel((q + qc) / 2)
    b = sp.cancel((q - qc) / (2 * s5))
    assert a.is_Rational and b.is_Rational, (q, a, b)
    return sp.Rational(a), sp.Rational(b)


def exact_sign(q: sp.Expr) -> int:
    a, b = qsqrt5_parts(q)
    if b == 0:
        return 1 if a > 0 else (-1 if a < 0 else 0)
    if b > 0:
        if a >= 0:
            return 1
        return 1 if 5 * b * b > a * a else (-1 if 5 * b * b < a * a else 0)
    if a <= 0:
        return -1
    return 1 if a * a > 5 * b * b else (-1 if a * a < 5 * b * b else 0)


def omega_image(q: sp.Expr) -> sp.Expr:
    a, b = qsqrt5_parts(q)
    return sp.cancel((a - b) + (2 * b / T) * lam)


def rule_moment(
    reps: list[tuple[int, int, int]], weights: list[sp.Expr], a: int, b: int
) -> sp.Expr:
    value = sp.S.Zero
    for rep, weight in zip(reps, weights):
        value += weight * eval_invariant(6, rep) ** a * eval_invariant(10, rep) ** b
    return sp.radsimp(sp.cancel(value))


def solve_rule(f: int, t: int):
    reps = partitions3(f)
    basis = basis_pairs(t)
    assert sum(orbit_size(rep) for rep in reps) == 10 * f * f + 2

    rows = []
    rhs = []
    for a, b in basis:
        rows.append(
            [
                sp.radsimp(
                    sp.cancel(eval_invariant(6, rep) ** a * eval_invariant(10, rep) ** b)
                )
                for rep in reps
            ]
        )
        rhs.append(sphere_moment(a, b))
    matrix = sp.Matrix(rows)
    target = sp.Matrix(rhs)

    if len(reps) == len(basis):
        # Exact inverse construction is both the solution and the
        # nonsingularity proof for f<=8.
        assert matrix.rank() == len(reps)
        inverse = matrix.inv()
        weights = [sp.radsimp(sp.cancel(w)) for w in inverse * target]
        solution_record = {
            "kind": "unique",
            "rank": matrix.rank(),
            "nullity": 0,
            "parameter": None,
            "particular": None,
            "null_vector": None,
        }
    else:
        # The first underdetermined case is f=9, t=29: 11 independent
        # invariant constraints on 12 orbit masses.  SymPy's exact
        # Gauss--Jordan elimination returns W_(3,3,3)=parameter.
        assert (f, t, len(basis), len(reps)) == (9, 29, 11, 12)
        assert matrix.rank() == 11
        general, parameters = matrix.gauss_jordan_solve(target)
        assert parameters.shape == (1, 1)
        parameter = parameters[0]
        assert general[-1] == parameter
        witness = sp.Rational(1, 27)
        particular = [
            sp.radsimp(sp.cancel(w.subs(parameter, 0))) for w in general
        ]
        null_vector = [
            sp.radsimp(sp.cancel(sp.diff(w, parameter))) for w in general
        ]
        assert particular[-1] == 0 and null_vector[-1] == 1
        weights = [
            sp.radsimp(sp.cancel(w.subs(parameter, witness))) for w in general
        ]
        solution_record = {
            "kind": "affine_witness",
            "rank": 11,
            "nullity": 1,
            "parameter": witness,
            "particular": particular,
            "null_vector": null_vector,
        }
    residual_vector = (matrix * sp.Matrix(weights) - target).applyfunc(
        lambda q: sp.radsimp(sp.cancel(q))
    )
    assert residual_vector == sp.zeros(matrix.rows, 1)
    assert sp.simplify(sum(weights) - 1) == 0
    assert all(exact_sign(w) == 1 for w in weights)

    fail_degree, fail_pairs = first_omitted_pairs(t)
    failures = []
    for a, b in fail_pairs:
        residual = sp.radsimp(
            sp.cancel(rule_moment(reps, weights, a, b) - sphere_moment(a, b))
        )
        failures.append(((a, b), residual))
    assert any(residual != 0 for _, residual in failures)
    return reps, basis, weights, fail_degree, failures, solution_record


def rat_text(q: sp.Rational) -> str:
    return str(q.p) if q.q == 1 else f"{q.p}/{q.q}"


def tau(f: int) -> int:
    return 3 * f + (2 if f % 2 else 3)


def build_certificate() -> tuple[str, list[dict[str, str]]]:
    lines = [
        "EXACT POSITIVE RADIAL CLASS-I CUBATURE CERTIFICATE",
        "frequencies=1..9",
        "arithmetic=Q(sqrt(5))",
        "normalization=probability spherical area",
        "weights=total H_3 orbit masses",
        "proof_branch=exact symbolic; no floating-point decision",
        "omega_role=exact representation only; no geometric implication",
    ]
    rows: list[dict[str, str]] = []

    for f in range(1, 10):
        t = tau(f)
        reps, basis, weights, fail_degree, failures, solution_record = solve_rule(f, t)
        lines.extend(
            [
                "",
                f"f={f}",
                f"nodes={10*f*f+2}",
                f"orbits={len(reps)}",
                f"exact_degree={t}",
                "basis=" + ",".join(f"H6^{a}*H10^{b}" for a, b in basis),
                (
                    "solution_space=unique; nonsingular=PASS (exact inverse constructed)"
                    if solution_record["kind"] == "unique"
                    else "solution_space=affine_dimension_1; exact_rank=11; "
                    f"witness_W_(3,3,3)={solution_record['parameter']}"
                ),
                "moment_residuals=PASS (all zero)",
                "strict_positivity=PASS",
                f"first_omitted_invariant_degree={fail_degree}",
            ]
        )
        for pair, residual in failures:
            lines.append(
                f"failure_pair={pair}; residual={sp.sstr(sp.factor(residual))}; "
                f"sign={exact_sign(residual)}; approx={sp.N(residual, 16)}"
            )

        for rep, weight in zip(reps, weights):
            if solution_record["kind"] == "affine_witness":
                idx = reps.index(rep)
                lines.extend(
                    [
                        f"orbit={rep}; size={orbit_size(rep)}",
                        "  affine_particular="
                        + sp.sstr(solution_record["particular"][idx]),
                        "  affine_null="
                        + sp.sstr(solution_record["null_vector"][idx]),
                    ]
                )
            else:
                lines.append(f"orbit={rep}; size={orbit_size(rep)}")
            a, b = qsqrt5_parts(weight)
            omega_a = sp.cancel(a - b)
            omega_b = sp.cancel(2 * b)
            lines.extend(
                [
                    f"  weight={sp.sstr(weight)}",
                    f"  qsqrt5_channels=({rat_text(a)},{rat_text(b)})",
                    f"  omega_channels=({rat_text(omega_a)},{rat_text(omega_b)})",
                    f"  omega_normal_form={sp.sstr(omega_image(weight))}",
                    f"  approx={sp.N(weight, 16)}",
                ]
            )
            rows.append(
                {
                    "frequency": str(f),
                    "cubature_degree": str(t),
                    "a": str(rep[0]),
                    "b": str(rep[1]),
                    "c": str(rep[2]),
                    "orbit_size": str(orbit_size(rep)),
                    "native_a": rat_text(a),
                    "native_b": rat_text(b),
                    "native_expression": sp.sstr(weight),
                    "omega_A": rat_text(omega_a),
                    "omega_B": rat_text(omega_b),
                    "omega_expression": sp.sstr(omega_image(weight)),
                }
            )

    lines.extend(["", "RESULT=PASS", ""])
    return "\n".join(lines), rows


def main() -> None:
    parser = argparse.ArgumentParser()
    parser.add_argument(
        "--certificate",
        type=Path,
        default=ROOT / "certificates" / "cubature_f1_f9_certificate.txt",
    )
    parser.add_argument(
        "--csv", type=Path, default=ROOT / "data" / "orbit_masses_f1_f9.csv"
    )
    args = parser.parse_args()

    # Basic invariant checks precede the finite systems.
    lap = lambda p: sp.expand(sp.diff(p, x, 2) + sp.diff(p, y, 2) + sp.diff(p, z, 2))
    assert lap(H6) == 0 and lap(H10) == 0
    assert sphere_moment(1, 0) == 0
    assert sphere_moment(0, 1) == 0
    assert sphere_moment(2, 0) == sp.Rational(1584, 325)
    assert sphere_moment(3, 0) == sp.Rational(836352, 104975)
    assert sphere_moment(4, 0) == sp.Rational(910787328, 15884375)
    assert sphere_moment(1, 1) == 0
    assert eval_invariant(6, (1, 0, 0)) == sp.Rational(132, 25)
    assert eval_invariant(6, (1, 1, 0)) == -sp.Rational(33, 20)
    assert eval_invariant(10, (1, 0, 0)) == sp.Rational(988, 625)
    assert eval_invariant(10, (1, 1, 0)) == -sp.Rational(247, 160)

    text, rows = build_certificate()
    args.certificate.parent.mkdir(parents=True, exist_ok=True)
    args.csv.parent.mkdir(parents=True, exist_ok=True)
    args.certificate.write_text(text, encoding="utf-8")
    with args.csv.open("w", encoding="utf-8", newline="") as stream:
        writer = csv.DictWriter(stream, fieldnames=list(rows[0]))
        writer.writeheader()
        writer.writerows(rows)

    print(text)
    print(f"certificate={args.certificate}")
    print(f"csv={args.csv}")


if __name__ == "__main__":
    main()



#!/usr/bin/env python3
"""Verify the exact Q(sqrt(5)) -> OMEGA quotient-algebra representation."""
from __future__ import annotations

import argparse
import csv
from pathlib import Path

import sympy as sp


ROOT = Path(__file__).resolve().parents[1]
T, lam = sp.symbols("T lambda", nonzero=True)
tau = sp.symbols("tau", nonzero=True)
s5 = sp.sqrt(5)
phi = (1 + s5) / 2
RELATION = lam**2 - T * lam - T**2


def reduce_omega(expr: sp.Expr) -> sp.Expr:
    expr = sp.cancel(expr)
    num, den = sp.fraction(expr)
    domain = sp.QQ.frac_field(T)
    poly = sp.Poly(sp.expand(num), lam, domain=domain)
    mod = sp.Poly(RELATION, lam, domain=domain)
    return sp.cancel(poly.rem(mod).as_expr() / den)


def parse_rat(text: str) -> sp.Rational:
    if "/" in text:
        n, d = text.split("/", 1)
        return sp.Rational(int(n), int(d))
    return sp.Rational(int(text), 1)


def main() -> None:
    parser = argparse.ArgumentParser()
    parser.add_argument(
        "--csv", type=Path, default=ROOT / "data" / "orbit_masses_f1_f9.csv"
    )
    parser.add_argument(
        "--certificate",
        type=Path,
        default=ROOT / "certificates" / "omega_embedding_certificate.txt",
    )
    args = parser.parse_args()

    r = 2 * lam / T - 1
    assert reduce_omega(r**2 - 5) == 0
    assert reduce_omega(T * (r + 1) / 2 - lam) == 0

    checked = 0
    with args.csv.open(encoding="utf-8", newline="") as stream:
        for row in csv.DictReader(stream):
            a = parse_rat(row["native_a"])
            b = parse_rat(row["native_b"])
            A = parse_rat(row["omega_A"])
            B = parse_rat(row["omega_B"])
            assert A == a - b
            assert B == 2 * b
            image = A + (B / T) * lam
            native = a + b * s5
            assert sp.simplify(image.subs({T: tau, lam: phi * tau}) - native) == 0
            checked += 1

    lines = [
        "OMEGA QUADRATIC-FIELD EMBEDDING CERTIFICATE",
        "algebra=Q(T)[lambda]/(lambda^2-T*lambda-T^2)",
        "sqrt5_image=2*lambda/T-1",
        "relation_check=PASS",
        "inverse_identity=lambda=T*(sqrt5_image+1)/2: PASS",
        "map=a+b*sqrt(5) -> (a-b)+(2*b/T)*lambda",
        f"cubature_orbit_masses_checked={checked}",
        "distinguished_specialization=(T,lambda)=(tau,phi*tau): PASS",
        "provenance_status=representation only; geometry remains independent",
        "RESULT=PASS",
        "",
    ]
    text = "\n".join(lines)
    args.certificate.parent.mkdir(parents=True, exist_ok=True)
    args.certificate.write_text(text, encoding="utf-8")
    print(text)
    print(f"certificate={args.certificate}")


if __name__ == "__main__":
    main()



#!/usr/bin/env python3
"""Exact replay and minimality certificate for OMEGA_NAUGHT/1.0.

The conclusion involving the irrational real lambda is conditional only on the
strict enclosure L60/10^60 < lambda < U60/10^60 published by the contract.
All executable checks below use integers.
"""
from __future__ import annotations

import argparse
import math
from fractions import Fraction
from pathlib import Path


ROOT = Path(__file__).resolve().parents[1]
MANIFEST = ROOT / "omega" / "OMEGA_NAUGHT_1_0.txt"


def parse_manifest(path: Path) -> dict[str, str]:
    out: dict[str, str] = {}
    for raw in path.read_text(encoding="utf-8").splitlines():
        line = raw.strip()
        if not line or line.startswith("#"):
            continue
        key, value = line.split("=", 1)
        out[key] = value
    return out


def less(a: int, b: int, c: int, d: int) -> bool:
    """Return a/b < c/d for positive denominators."""
    return a * d < c * b


def main() -> None:
    parser = argparse.ArgumentParser()
    parser.add_argument(
        "--certificate",
        type=Path,
        default=ROOT / "certificates" / "omega_15bit_bridge_certificate.txt",
    )
    args = parser.parse_args()

    manifest = parse_manifest(MANIFEST)
    assert manifest["contract"] == "OMEGA_NAUGHT/1.0"
    assert manifest["algebra"] == "Q(T)[lambda]/(lambda^2-T*lambda-T^2)"

    bits = int(manifest["bits"])
    Q = int(manifest["Q"])
    S = int(manifest["S"])
    L60 = int(manifest["L60"])
    U60 = int(manifest["U60"])
    D60 = 10**60

    assert bits == 15
    assert Q == 339_949_771_344_778
    assert S == 10**15
    assert math.gcd(Q, S) == 2
    assert U60 - L60 == 1
    assert Fraction(Q, S) < Fraction(L60, D60) < Fraction(U60, D60)

    # Exhaustive finite conformance surface.
    for d in range(1 << bits):
        fq = (Q * d) // S
        fL = (L60 * d) // D60
        fU = (U60 * d) // D60
        assert fq == fL == fU

    # A short exact Farey certificate proves that the displayed disagreement is
    # the first one, rather than merely checking the published witness.
    p0, q0 = 846_547, 2_490_212
    n, d_star = 14_342_163, 42_189_065
    p1, q1 = 13_495_616, 39_698_853

    assert math.gcd(p0, q0) == math.gcd(n, d_star) == math.gcd(p1, q1) == 1
    assert n * q0 - p0 * d_star == 1
    assert p1 * d_star - n * q1 == 1
    assert less(p0, q0, Q, S)
    assert less(Q, S, n, d_star)
    assert less(n, d_star, L60, D60)
    assert less(L60, D60, U60, D60)
    assert less(U60, D60, p1, q1)
    assert q0 + d_star > d_star and d_star + q1 > d_star

    floor_q = (Q * d_star) // S
    floor_L = (L60 * d_star) // D60
    floor_U = (U60 * d_star) // D60
    assert floor_q == n - 1 == 14_342_162
    assert floor_L == floor_U == n == 14_342_163

    u64max = (1 << 64) - 1
    assert Q * 32767 < u64max
    assert Q * 65535 > u64max

    lines = [
        "OMEGA_NAUGHT/1.0 EXACT 15-BIT BRIDGE CERTIFICATE",
        "contract=PASS",
        "manifest_ordering=Q/S < L60/10^60 < U60/10^60: PASS",
        f"unsigned_states_checked={1<<bits}",
        "endpoint_floor_agreement=PASS",
        "conditional_conclusion=if L<lambda<U, floor(lambda*d)=floor(Q*d/S) for 0<=d<32768",
        "",
        "FIRST-DISAGREEMENT MINIMALITY CERTIFICATE",
        f"left_neighbor={p0}/{q0}",
        f"candidate={n}/{d_star}",
        f"right_neighbor={p1}/{q1}",
        "ordering=left_neighbor < Q/S < candidate < L < U < right_neighbor: PASS",
        f"left_determinant={n*q0-p0*d_star}",
        f"right_determinant={p1*d_star-n*q1}",
        "farey_denominator_bound=PASS",
        f"first_disagreement_d={d_star}",
        f"floor_Qd_over_S={floor_q}",
        f"floor_enclosed_lambda_d={floor_L}",
        "minimality_conclusion=PASS (conditional on the strict enclosure)",
        "u64_15bit_product_bound=PASS",
        "RESULT=PASS",
        "",
    ]
    text = "\n".join(lines)
    args.certificate.parent.mkdir(parents=True, exist_ok=True)
    args.certificate.write_text(text, encoding="utf-8")
    print(text)
    print(f"certificate={args.certificate}")


if __name__ == "__main__":
    main()



#!/usr/bin/env python3
"""Verify the exact interface between the cubature sort and Papers I-V object.

This script checks only the gluing data claimed in the integrated manuscript.
It does not treat the global-object PDF as an executable proof dependency.
"""
from __future__ import annotations

import argparse
import hashlib
from pathlib import Path

import sympy as sp

from verify_cubature_f1_f9 import (
    H6,
    H10,
    exact_sign,
    orbit_size,
    rule_moment,
    solve_rule,
    x,
    y,
    z,
)


ROOT = Path(__file__).resolve().parents[1]
SOURCE_PDF = (
    ROOT
    / "global_object"
    / "Global_Mathematical_Object_Papers_I-V_v1.0.pdf"
)
EXPECTED_SOURCE_SHA256 = (
    "cbe30136476c14602545eaab3b0984d0"
    "05cce6626378ddf8c402e28363c90ed2"
)


def file_sha256(path: Path) -> str:
    digest = hashlib.sha256()
    with path.open("rb") as stream:
        for block in iter(lambda: stream.read(1 << 20), b""):
            digest.update(block)
    return digest.hexdigest()


def main() -> None:
    parser = argparse.ArgumentParser()
    parser.add_argument(
        "--certificate",
        type=Path,
        default=ROOT
        / "certificates"
        / "global_object_interface_certificate.txt",
    )
    args = parser.parse_args()

    assert file_sha256(SOURCE_PDF) == EXPECTED_SOURCE_SHA256
    assert sp.Poly(H6, x, y, z, extension=sp.sqrt(5)).total_degree() == 6
    assert sp.Poly(H10, x, y, z, extension=sp.sqrt(5)).total_degree() == 10

    rows: list[str] = []
    total_orbits = 0
    for f in range(1, 10):
        degree = 3 * f + (2 if f % 2 else 3)
        reps, _basis, weights, fail_degree, _failures, _record = solve_rule(
            f, degree
        )
        node_count = 10 * f * f + 2
        assert sum(orbit_size(rep) for rep in reps) == node_count
        assert sp.simplify(sum(weights) - 1) == 0
        assert all(exact_sign(weight) == 1 for weight in weights)

        equal_weights = [sp.Rational(orbit_size(rep), node_count) for rep in reps]
        cub_h6 = sp.radsimp(rule_moment(reps, weights, 1, 0))
        cub_h10 = sp.radsimp(rule_moment(reps, weights, 0, 1))
        equal_h6 = sp.radsimp(rule_moment(reps, equal_weights, 1, 0))

        if f == 1:
            assert cub_h6 == sp.Rational(132, 25)
            assert cub_h10 == sp.Rational(988, 625)
        if f >= 2:
            assert cub_h6 == 0
        if f == 2:
            assert cub_h10 == -sp.Rational(4199, 5250)
            assert equal_h6 == sp.Rational(33, 100)
        if f >= 3:
            assert cub_h10 == 0
        assert fail_degree == degree + 1

        total_orbits += len(reps)
        rows.append(
            f"f={f}; nodes={node_count}; orbits={len(reps)}; "
            f"degree={degree}; cubature_H6={cub_h6}; "
            f"cubature_H10={cub_h10}; equal_weight_H6={equal_h6}"
        )

    assert total_orbits == 52

    # Generic OMEGA quotient specialized to the arithmetic sort of Papers I-V.
    T, lam, tau = sp.symbols("T lambda tau", nonzero=True)
    s5 = sp.sqrt(5)
    phi = (1 + s5) / 2
    relation = lam**2 - T * lam - T**2
    image_s5 = 2 * lam / T - 1
    numerator = sp.together(image_s5**2 - 5).as_numer_denom()[0]
    assert sp.rem(sp.Poly(numerator, lam), sp.Poly(relation, lam)) == 0
    assert sp.simplify(image_s5.subs({T: tau, lam: phi * tau}) - s5) == 0

    lines = [
        "PAPERS I-V GLOBAL-OBJECT / CUBATURE INTERFACE CERTIFICATE",
        f"source_pdf_sha256={EXPECTED_SOURCE_SHA256}: PASS",
        "source_pdf_pages=12",
        "interface_scope=same Class-I support; distinct equal-weight and cubature measures",
        "probability_normalization=PASS",
        "strict_full_support=PASS (exact signs inherited from cubature certificate)",
        "cubature_H6_zero_for_f=2..9: PASS",
        "cubature_H10_zero_for_f=3..9: PASS",
        "frequency_2_distinction=mu_2(H6)=33/100; nu_2(H6)=0: PASS",
        "generic_to_global_omega_specialization=PASS",
        "SRSD_transport_status=formal consequence of D_s E_s=id; no finite projection claimed",
        "dependency_status=global object does not generate cubature weights or degrees",
        f"cubature_orbit_records={total_orbits}",
        "",
        *rows,
        "",
        "RESULT=PASS",
        "",
    ]
    text = "\n".join(lines)
    args.certificate.parent.mkdir(parents=True, exist_ok=True)
    args.certificate.write_text(text, encoding="utf-8")
    print(text)
    print(f"certificate={args.certificate}")


if __name__ == "__main__":
    main()



module ExactOmegaReplay

# Exact reference kernel for the coefficient map and frozen floor contract.
# No floating-point evaluation of pi or lambda_Omega is used.

struct QSqrt5
    a::Rational{BigInt}
    b::Rational{BigInt}
end

"Return A,B for a+b*sqrt(5) -> A+B*(lambda/T)."
function omega_channels(x::QSqrt5)
    return (x.a - x.b, 2 * x.b)
end

const S = BigInt(10)^15
const Q = BigInt("339949771344778")
const D = BigInt(10)^60
const L60 = BigInt(
    "339949771344778929576702809321279193551009905014259416689444"
)
const U60 = L60 + 1

function verify_15bit_contract()
    for d in BigInt(0):BigInt(32767)
        qfloor = fld(Q * d, S)
        @assert qfloor == fld(L60 * d, D)
        @assert qfloor == fld(U60 * d, D)
    end
    @assert Q * BigInt(32767) < BigInt(typemax(UInt64))
    @assert Q * BigInt(65535) > BigInt(typemax(UInt64))
    return true
end

function verify_first_disagreement()
    left_n, left_d = BigInt(846547), BigInt(2490212)
    nstar, dstar = BigInt(14342163), BigInt(42189065)
    right_n, right_d = BigInt(13495616), BigInt(39698853)

    # left < Q/S < nstar/dstar < L < lambda < U < right
    @assert left_n * S < Q * left_d
    @assert Q * dstar < nstar * S
    @assert nstar * D < L60 * dstar
    @assert U60 * right_d < right_n * D

    # Determinant-one neighboring fractions certify denominator minimality.
    @assert nstar * left_d - left_n * dstar == 1
    @assert right_n * dstar - nstar * right_d == 1

    @assert fld(Q * dstar, S) == nstar - 1
    @assert fld(L60 * dstar, D) == nstar
    @assert fld(U60 * dstar, D) == nstar
    return true
end

function verify_weight_example()
    w300 = QSqrt5(big"26375" // big"201432",
                  -big"4500" // big"201432")
    A, B = omega_channels(w300)
    @assert A == big"30875" // big"201432"
    @assert B == -big"9000" // big"201432"
    return true
end

function main()
    @assert verify_15bit_contract()
    @assert verify_first_disagreement()
    @assert verify_weight_example()
    println("EXACT OMEGA REPLAY: PASS")
end

end # module

ExactOmegaReplay.main()



# Canonical machine manifest for OMEGA_NAUGHT/1.0
# UTF-8, key=value, comments begin with #.
contract=OMEGA_NAUGHT/1.0
algebra=Q(T)[lambda]/(lambda^2-T*lambda-T^2)
bits=15
Q=339949771344778
S=1000000000000000
L60=339949771344778929576702809321279193551009905014259416689444
U60=339949771344778929576702809321279193551009905014259416689445




#!/usr/bin/env bash
set -euo pipefail

ROOT="$(cd "$(dirname "$0")" && pwd)"
PYTHON_BIN="${PYTHON_BIN:-python3}"

"$PYTHON_BIN" -c 'import sympy; assert sympy.__version__ == "1.14.0"'
"$PYTHON_BIN" "$ROOT/src/verify_cubature_f1_f9.py"
"$PYTHON_BIN" "$ROOT/src/verify_omega_embedding.py"
"$PYTHON_BIN" "$ROOT/src/verify_omega_bridge.py"
"$PYTHON_BIN" "$ROOT/src/verify_global_object_interface.py"

echo "ALL EXACT CHECKS PASS"



sympy==1.14.0
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\begin{center}
\fcolorbox{statusline}{statusblue}{%
\begin{minipage}{0.91\textwidth}
\small
\textbf{Status and dependency boundary.}
The cubature theorems are consequences of the fixed radial Class-I geometry,
full icosahedral symmetry, and exact invariant moment systems over
\(\Qfive\).  The OMEGA quotient algebra is used only to encode coefficients
already obtained from that geometry.  Its 15-bit floor contract is a separate
finite replay result.  The Papers I--V global object supplies a typed ambient
assembly and an exact coordinate-transport interface; it is not an antecedent
of the cubature proof.  The all-frequency statement remains a conjecture from
frequency ten onward.  No claim
of novelty, priority, peer review, or journal acceptance is made.
\end{minipage}}
\end{center}

\begin{abstract}
Let \(X_f\subset\Sph\) be the complete frequency-\(f\) radial Class-I
icosahedral grid.  Using the full reflection group \(H_3\), Sobolev's
invariant-cubature reduction, and exact arithmetic in \(\Qfive\), we certify
strictly positive orbit-constant probability rules on \(X_f\) for
\(1\le f\le9\).  Their exact algebraic degrees are
\[
5,\ 9,\ 11,\ 15,\ 17,\ 21,\ 23,\ 27,\ 29,
\]
respectively.  Exact nonzero residuals at the first omitted invariant degrees
prove that these are exact degrees, not only lower bounds.

For \(f\le8\) the invariant systems are square and give unique rules.  At
\(f=9\), the exact \(11\)-by-\(12\) system has rank \(11\) and a
one-dimensional affine solution space.  The exact specialization
\(W_{333}=1/27\) gives twelve strictly positive masses; no floating-point
feasibility decision is used in this proof.

Independently, the quotient algebra
\[
\KOmega=\mathbb Q(T)[\lambda]/(\lambda^2-T\lambda-T^2)
\]
admits the exact identification
\(\sqrt5=2\lambda/T-1\).  Hence every cubature coefficient
\(a+b\sqrt5\) has the two-channel representation
\((a-b)+(2b/T)\lambda\).  This is a genuine coefficient-field
interoperability map, but it is not a source of the icosahedral theorem.

Finally, conditional on the frozen strict enclosure of the distinguished real
\(\lambdao=\ph/(\ph+\pi)\), exact integer replay verifies
\[
\lfloor\lambdao d\rfloor
=\left\lfloor\frac{339949771344778}{10^{15}}d\right\rfloor
\quad(0\le d<2^{15}).
\]
A determinant-one Farey certificate proves that the first disagreement over
all nonnegative integers occurs at \(d=42{,}189{,}065\).  All large
coefficients and proof decisions are preserved in the deterministic
verification record identified in Section~\ref{sec:reproducibility}.

The global-object integration extends the multi-sorted object associated with Papers I--V by a
cubature sort.  Its radial branch already contains the equal-weight measure
\(\mu_f\) on \(X_f\); the present weights define a different positive,
full-support measure \(\nu_f\) on the same nodes.  For \(f\ge2\),
\(\nu_f(H_6)=0\), so orbit reweighting cancels the equal-weight degree-six
obstruction rather than reinterpreting it.  Exact SRSD encoding transports
the rule without changing any decoded moment.  This is a conservative typed
interface, not a new derivation of either branch.
\end{abstract}

\tableofcontents

\section{Scope and separation of claims}

This paper joins several exact statements at typed interfaces, not at a common
mathematical origin:

\begin{center}
\begin{tabularx}{0.96\textwidth}{@{}p{0.22\textwidth}X p{0.22\textwidth}@{}}
\toprule
\textbf{Layer} & \textbf{Statement} & \textbf{Status}\\
\midrule
Radial geometry &
Definition and symmetry of \(X_f\), with \(|X_f|=10f^2+2\) &
Imported from \cite{NewmanRadial}\\
Invariant reduction &
\(H_3\)-invariant exactness reduces to invariant moments &
Classical; hypotheses checked \cite{NozakiSawa}\\
Positive cubature &
Exact positive rules and first failures for \(1\le f\le9\) &
Exact finite computation here\\
OMEGA algebra &
\(\Qfive\) embeds by \(\sqrt5\mapsto2\lambda/T-1\) &
Exact algebra here\\
Finite floor bridge &
15-bit equality and first-disagreement minimality &
Exact, conditional on the frozen enclosure\\
Papers I--V object &
Adjoin the cubature measures and exact interface laws &
Conservative typed extension of \cite{NewmanGlobal}\\
All frequencies &
Positive rules through the proposed threshold for \(f\ge10\) &
Open conjecture\\
\bottomrule
\end{tabularx}
\end{center}

Deleting the OMEGA sections and files leaves every cubature theorem and proof
intact.  Conversely, the OMEGA algebra acquires no geometric theorem merely by
representing a coefficient produced by the cubature calculation.
Likewise, deleting the SRSD coordinate-transport interface leaves the native
cubature calculation unchanged.

\section{Fixed Class-I grids and orbit masses}

Put
\[
\ph=\frac{1+\sqrt5}{2}
\]
and take the icosahedral face with vertices
\[
v_1=(0,1,\ph),\qquad
v_2=(1,\ph,0),\qquad
v_3=(\ph,0,1).
\]
For integers \(a,b,c\ge0\) with \(a+b+c=f\), define
\[
p_{abc}=av_1+bv_2+cv_3,\qquad
x_{abc}=\frac{p_{abc}}{\|p_{abc}\|}.
\]
The complete grid \(X_f\) is the full icosahedral orbit union of these
barycentric nodes, with duplicates on common edges and vertices identified.
The exact count
\[
|X_f|=10f^2+2
\]
and the radial construction are imported from \cite{NewmanRadial}.

Let \(H_3\) denote the full icosahedral reflection group.  Its orbits on
\(X_f\) have representatives
\[
\Lambda_f=\{(a,b,c):a\ge b\ge c\ge0,\ a+b+c=f\}.
\]
If \(\mathcal O_{abc}=H_3x_{abc}\), its size is \(12\) at a vertex,
\(30\) at an edge midpoint, \(60\) at a nonmidpoint edge node, and, for
an interior face node, \(20\), \(60\), or \(120\) according as all three
barycentric entries are equal, exactly two are equal, or all are distinct.
These sizes sum to \(10f^2+2\).

\begin{definition}[Orbit-mass rule]
For total orbit masses \(W_{abc}\), define
\[
Q_f[g]
=\sum_{(a,b,c)\in\Lambda_f}
\frac{W_{abc}}{|\mathcal O_{abc}|}
\sum_{x\in\mathcal O_{abc}}g(x).
\]
Thus \(W_{abc}\), not \(W_{abc}/|\mathcal O_{abc}|\), is the total
probability assigned to the orbit.  The rule is strictly positive when every
\(W_{abc}>0\), and it is probability normalized when
\(\sum_{\Lambda_f}W_{abc}=1\).
\end{definition}

Throughout, \(\sigma\) denotes normalized spherical area:
\(\int_{\Sph}1\dd\sigma=1\).

\section{Invariant reduction and exact moments}

Let
\[
V_{\mathrm{ico}}
=\{(0,\pm1,\pm\ph),(\pm1,\pm\ph,0),(\pm\ph,0,\pm1)\},
\qquad R^2=\ph+2,
\]
and write \(\widehat v=v/R\).  With \(P_n\) the Legendre polynomial of
degree \(n\), define on \(\Sph\)
\[
H_n(x)=\sum_{v\in V_{\mathrm{ico}}}P_n(x\cdot\widehat v),
\qquad n=6,10.
\]
The normalizations used by the certificate are
\[
P_6(t)=\frac{231t^6-315t^4+105t^2-5}{16}
\]
and
\[
P_{10}(t)=
\frac{46189t^{10}-109395t^8+90090t^6-30030t^4
+3465t^2-63}{256}.
\]
Their homogeneous extensions are \(H_3\)-invariant harmonic polynomials.
In particular,
\[
\begin{aligned}
H_6(V)&=\frac{132}{25},&
H_6(E)&=-\frac{33}{20},\\
H_{10}(V)&=\frac{988}{625},&
H_{10}(E)&=-\frac{247}{160},
\end{aligned}
\]
on a fivefold vertex axis \(V\) and a twofold edge-midpoint axis \(E\).
Also
\[
\int_{\Sph}H_6\dd\sigma
=\int_{\Sph}H_{10}\dd\sigma
=\int_{\Sph}H_6H_{10}\dd\sigma=0,
\qquad
\int_{\Sph}H_6^2\dd\sigma=\frac{1584}{325}.
\]

\begin{lemma}[Invariant test set]
\label{lem:invariant-test}
Let \(Q\) be an \(H_3\)-invariant rule on \(\Sph\).  Then \(Q\) is exact
for every spherical polynomial of degree at most \(t\) if and only if
\[
Q[H_6^rH_{10}^s]
=\int_{\Sph}H_6^rH_{10}^s\dd\sigma
\qquad\text{whenever}\qquad 6r+10s\le t.
\]
\end{lemma}

\begin{proof}
The invariant ring of the reflection group \(H_3\) has homogeneous basic
degrees \(2,6,10\).  On \(\Sph\), the degree-two invariant is the constant
\(1\).  Replacing the degree-six and degree-ten generators by their harmonic
parts is a triangular change of generators, so the restricted invariant
algebra is generated by \(H_6\) and \(H_{10}\).  Sobolev's
invariant-cubature criterion then says that an \(H_3\)-invariant rule is exact
through degree \(t\) if and only if it is exact on all invariant polynomials
through degree \(t\) \cite{NozakiSawa}.  The displayed monomials are a basis
for those restricted invariants.
\end{proof}

Every spherical moment used below is obtained from the exact monomial identity
\[
\int_{\Sph}x^{2i}y^{2j}z^{2k}\dd\sigma
=\frac{(2i-1)!!(2j-1)!!(2k-1)!!}
{(2i+2j+2k+1)!!},
\]
with \((-1)!!=1\); a monomial with an odd exponent has mean zero.
Consequently all moment matrices and right-hand sides lie in \(\Qfive\).

\section{Exact positive rules for frequencies one through nine}

Define
\[
t_f=
\begin{cases}
3f+2,&f\ \text{odd},\\
3f+3,&f\ \text{even}.
\end{cases}
\]

\begin{theorem}[Certified fixed-grid cubature]
\label{thm:f1f9}
For every \(1\le f\le9\), the fixed grid \(X_f\) supports a strictly
positive \(H_3\)-orbit-constant probability rule of exact algebraic degree
\(t_f\).  For \(1\le f\le8\), the rule satisfying the required invariant
moments is unique.  For \(f=9\), the required moment equations have a
one-dimensional affine solution space; one exact positive member is selected
by
\[
W_{333}=\frac1{27}.
\]
\end{theorem}

\begin{center}
\small
\begin{tabular}{@{}rrrrrr@{}}
\toprule
\(f\)&\(|X_f|\)&orbits&\(t_f\)&first failure&smallest \(W\), approx.\\
\midrule
1&12 &1 &5 &6 &1.000000\\
2&42 &2 &9 &10&0.238095\\
3&92 &3 &11&12&0.080984\\
4&162&4 &15&16&0.053869\\
5&252&5 &17&18&0.030520\\
6&362&7 &21&22&0.021749\\
7&492&8 &23&24&0.015328\\
8&642&10&27&28&0.012087\\
9&812&12&29&30&0.006601\\
\bottomrule
\end{tabular}
\end{center}

\begin{proof}
For \(\alpha=(a,b,c)\in\Lambda_f\), form the invariant moment vector
\[
v_\alpha
=\bigl(H_6(x_\alpha)^rH_{10}(x_\alpha)^s\bigr)_{6r+10s\le t_f}
\]
and the spherical target
\[
b_f
=\left(\int_{\Sph}H_6^rH_{10}^s\dd\sigma\right)_{6r+10s\le t_f}.
\]
Let \(M_f\) have columns \(v_\alpha\).  For \(1\le f\le8\), the number of
rows equals \(|\Lambda_f|\).  Exact inversion over \(\Qfive\) gives
\[
M_fW_f=b_f.
\]
The exact verifier constructs this inverse, reduces every entry to
\(a+b\sqrt5\) with \(a,b\in\mathbb Q\), checks all residuals exactly, and
proves every coordinate of \(W_f\) positive by rational sign comparisons.
Lemma~\ref{lem:invariant-test} gives exactness through \(t_f\).

At the least invariant degree above \(t_f\), the verifier evaluates,
respectively for \(f=1,\ldots,8\),
\[
H_6,\ H_{10},\ H_6^2,\ H_6H_{10},\
H_6^3,\ H_6^2H_{10},\ H_6^4,\ H_6^3H_{10}.
\]
Every rule-minus-sphere residual is exactly nonzero.  Thus the rule fails at
that degree, proving that its algebraic degree is exactly \(t_f\).

For \(f=9\), the twelve orbit representatives, in certificate order, are
\[
\begin{gathered}
(9,0,0),(8,1,0),(7,2,0),(7,1,1),(6,3,0),(6,2,1),\\
(5,4,0),(5,3,1),(5,2,2),(4,4,1),(4,3,2),(3,3,3).
\end{gathered}
\]
Their orbit sizes are
\[
12,60,60,60,60,120,60,120,60,60,120,20,
\]
which sum to \(812\).  The eleven invariant rows are indexed by
\[
(r,s)=(0,0),(1,0),(0,1),(2,0),(1,1),(3,0),
(0,2),(2,1),(4,0),(1,2),(3,1).
\]
Exact row reduction gives
\[
\operatorname{rank}M_9
=\operatorname{rank}[M_9\mid b_9]=11,
\qquad
W(t)=W^{\mathrm{part}}+tW^{\mathrm{null}},
\]
normalized so that
\(W^{\mathrm{part}}_{333}=0\) and
\(W^{\mathrm{null}}_{333}=1\).  Substitution of the rational parameter
\(t=1/27\) makes the twelve masses approximately
\[
\begin{split}
(&0.028153,0.006601,0.053698,0.115340,0.099822,0.101703,\\
 &0.059136,0.134511,0.108995,0.105497,0.149506,0.037037).
\end{split}
\]
The displayed decimals are only orientation: the verifier substitutes
\(1/27\) into the exact affine vector over \(\Qfive\), obtains
\(M_9W=b_9\) and \(\sum W=1\) identically, and proves all twelve signs by
integer comparisons.  In particular, the exact spherical targets include
\[
\int_{\Sph}H_6^3\dd\sigma=\frac{836352}{104975},
\qquad
\int_{\Sph}H_6^4\dd\sigma=\frac{910787328}{15884375}.
\]
At the first omitted invariant degree, \(30\), both residuals are exactly
nonzero:
\[
\begin{aligned}
Q_9[H_{10}^3]-\int_{\Sph}H_{10}^3\dd\sigma
  &\approx 0.09380643058,\\
Q_9[H_6^5]-\int_{\Sph}H_6^5\dd\sigma
  &\approx-0.2197160741.
\end{aligned}
\]
Their full exact \(\Qfive\) values, together with
\(W^{\mathrm{part}}\) and \(W^{\mathrm{null}}\), are regenerated in the
certificate.  Hence the selected frequency-nine rule has exact degree
\(29\).
\end{proof}

\subsection{Compact exact formulas for \texorpdfstring{\(f\le4\)}{f <= 4}}

The first four rules fit legibly in the text.  The orbit masses are
\[
W_{100}=1,
\]
\[
W_{200}=\frac5{21},\qquad W_{110}=\frac{16}{21},
\]
\[
\begin{aligned}
W_{300}&=\frac{26375-4500\sqrt5}{201432},\\
W_{210}&=\frac{1570589-397404\sqrt5}{1007160},\\
W_{111}&=\frac{-28971+17496\sqrt5}{41965},
\end{aligned}
\]
and
\[
\begin{aligned}
W_{400}&=\frac{70025-12000\sqrt5}{801801},\\
W_{310}&=\frac{3058238-84270\sqrt5}{8819811},\\
W_{220}&=\frac{18302-270\sqrt5}{89089},\\
W_{211}&=\frac{1059800+81000\sqrt5}{2939937}.
\end{aligned}
\]
The exact first-failure residuals are
\[
\frac{132}{25},\qquad
-\frac{4199}{5250},\qquad
-\frac{14784}{35425},\qquad
\frac{627(391241-123930\sqrt5)}{374245000},
\]
for \(f=1,2,3,4\), respectively.  The complete exact coefficients and
failure residuals for \(f=5,6,7,8,9\) are preserved in the certificate and CSV
identified in Section~\ref{sec:reproducibility}; decimals in the table are
expository only.

\subsection{Exact sign decisions}

For completeness, if \(w=a+b\sqrt5\), the verifier never decides its sign
numerically.  When \(a\) and \(b\) have opposite signs, it compares
\(a^2\) and \(5b^2\) in \(\mathbb Q\), with the direction selected from the
known rational signs of \(a\) and \(b\).  Thus all strict inequalities in
Theorem~\ref{thm:f1f9} reduce to finite integer comparisons.

\section{The exact OMEGA coefficient-field representation}

The cubature calculation natively produces coefficients in \(\Qfive\).
The following result provides an alternate exact representation of that field.
It does not change the derivation in Sections 2--4.

\begin{theorem}[Quadratic-field identification]
\label{thm:embedding}
Let \(T\) be an indeterminate and let \(\lambda\) denote the residue class of
the polynomial variable in
\[
\KOmega=\mathbb Q(T)[\lambda]/(\lambda^2-T\lambda-T^2).
\]
Then \(\KOmega\) is a field and
\[
r:=\frac{2\lambda}{T}-1
\]
satisfies \(r^2=5\).  The map
\[
\iota:\mathbb Q(T,\sqrt5)\longrightarrow\KOmega,
\qquad
\iota(\sqrt5)=r,
\]
fixing \(\mathbb Q(T)\), is an isomorphism.  In particular,
\[
\boxed{\ \iota(a+b\sqrt5)
=(a-b)+\frac{2b}{T}\lambda\ },\qquad a,b\in\mathbb Q.
\]
\end{theorem}

\begin{proof}
The discriminant of \(X^2-TX-T^2\) is \(5T^2\), which is not a square in
\(\mathbb Q(T)\); hence the polynomial is irreducible and the quotient is a
field.  In the quotient,
\[
\left(\frac{2\lambda}{T}-1\right)^2-5
=\frac4{T^2}(\lambda^2-T\lambda-T^2)=0.
\]
Thus \(\sqrt5\mapsto r\) defines an embedding.  Conversely,
\[
\lambda=\frac{T(r+1)}2,
\]
so \(r\) generates the quotient over \(\mathbb Q(T)\), proving
surjectivity.  Expanding \(a+br\) gives the displayed formula.
\end{proof}

The frozen OMEGA specialization uses
\[
\Omzero=\ph+\pi,\qquad
\tau_{\Omega}=\frac1{\Omzero},\qquad
\lambdao=\frac{\ph}{\Omzero}=\ph\tau_{\Omega}.
\]
At \((T,\lambda)=(\tau_{\Omega},\lambdao)\),
\[
\frac{2\lambda}{T}-1=2\ph-1=\sqrt5,
\]
so the representation recovers the ordinary positive real square root.

\begin{corollary}[Exact translation of every certified weight]
Every orbit mass in Theorem~\ref{thm:f1f9} has an exact two-channel OMEGA
normal form.  For example,
\[
W_{300}=\frac{26375-4500\sqrt5}{201432}
\]
becomes
\[
\boxed{\ 
W_{300}
=\frac{30875T-9000\lambda}{201432T}
\ }.
\]
All 52 certified orbit masses are exported in both forms by the exact
certificate.
\end{corollary}

\begin{remark}[Direction of dependence]
The logical arrows are
\[
\begin{gathered}
\text{Class-I geometry}\longrightarrow\text{invariant moment system}\\
\longrightarrow\text{positive coefficient in }\Qfive\\
\longrightarrow\text{OMEGA normal form}.
\end{gathered}
\]
There is no arrow from \(\Omzero\), \(T\), or \(\lambdao\) back to the
icosahedral moment equations.
\end{remark}

\section{Finite 15-bit replay and the first disagreement}

The same frozen contract declares
\[
\begin{gathered}
S=10^{15},\qquad Q=339949771344778,\qquad q=\frac QS,\\
D=10^{60},\\
L_{60}=339949771344778929576702809321279193551009905014259416689444,\\
U_{60}=L_{60}+1,
\end{gathered}
\]
and the strict enclosure
\[
L:=\frac{L_{60}}D<\lambdao<\frac{U_{60}}D=:U.
\]
Only this last strict enclosure is assumed in the two results below.

\begin{proposition}[Unsigned 15-bit conformance]
\label{prop:15bit}
Conditional on \(L<\lambdao<U\),
\[
\left\lfloor\lambdao d\right\rfloor
=\left\lfloor\frac{Qd}{S}\right\rfloor
\qquad(0\le d<2^{15}).
\]
\end{proposition}

\begin{proof}
Exact integer division checks, for all 32,768 values,
\[
\left\lfloor\frac{Qd}{S}\right\rfloor
=\left\lfloor\frac{L_{60}d}{D}\right\rfloor
=\left\lfloor\frac{U_{60}d}{D}\right\rfloor.
\]
Every number strictly between the two endpoints has the same floor.  The
computation is finite, exhaustive, and uses arbitrary-precision integers.
\end{proof}

The package also checks the implementation boundary
\[
Q\cdot32767<2^{64}-1,\qquad
Q\cdot65535>2^{64}-1,
\]
which explains why the declared unsigned state width is 15 bits when the
product is required to fit in an unsigned 64-bit word.

\begin{theorem}[First disagreement, with minimality]
\label{thm:first-disagreement}
Conditional on \(L<\lambdao<U\), the least nonnegative integer \(d\) for
which
\[
\left\lfloor\lambdao d\right\rfloor
\ne\left\lfloor\frac{Qd}{S}\right\rfloor
\]
is
\[
\boxed{d_*=42{,}189{,}065}.
\]
At this value,
\[
\left\lfloor\frac{Qd_*}{S}\right\rfloor=14{,}342{,}162,
\qquad
\lfloor\lambdao d_*\rfloor=14{,}342{,}163.
\]
\end{theorem}

\begin{proof}
Exact cross multiplication gives the strict chain
\[
\frac{846547}{2490212}
<\frac QS
<\frac{14342163}{42189065}
<L<\lambdao<U
<\frac{13495616}{39698853}.
\]
Moreover,
\[
14342163\cdot2490212-846547\cdot42189065=1
\]
and
\[
13495616\cdot42189065-14342163\cdot39698853=1.
\]
Thus the middle fraction is a Farey neighbor of the fraction on each side.
Any reduced rational strictly between two determinant-one neighbors has
denominator at least the sum of their denominators.  Therefore
\[
\frac{14342163}{42189065}
\]
has the smallest denominator among all rationals in \((Q/S,U)\): any other
rational in that interval lies in one of the two adjacent Farey intervals and
has denominator strictly larger than \(42{,}189{,}065\).

If a floor disagreement occurred at a smaller positive \(d\), the integer
\(m=\lfloor Qd/S\rfloor+1\) would give, after reduction if necessary, a
rational \(m/d\in(Q/S,\lambdao]\subset(Q/S,U)\) with denominator below
\(d_*\), a contradiction.

At \(d_*\), the middle numerator \(14{,}342{,}163\) lies strictly between
\((Q/S)d_*\) and \(Ld_*\), while the upper endpoint still has floor
\(14{,}342{,}163\).  Hence the two displayed floors follow.
\end{proof}

\subsection{Exact Julia replay kernel}

For proof-level replay, a direct floating-point evaluation of
\(\ph/(\ph+\pi)\) is unnecessary and would make correctness depend on a
precision analysis.  Listing~\ref{lst:julia} instead compares the rational
implementation with both published decimal endpoints using only
arbitrary-precision integers.  The strict enclosure then supplies the real
number between them.  The same kernel checks the determinant-one Farey data
and the \(W_{300}\) channel conversion.  It remains logically independent of
the cubature moment systems.

\lstinputlisting[
  caption={Exact Julia reference kernel for OMEGA interoperability and replay.},
  label={lst:julia}
]{../src/exact_omega_replay.jl}

\section{The all-frequency convex formulation}

The verified frequencies suggest the following deliberately limited statement.

\begin{conjecture}[Positive fixed-Class-I cubature]
\label{conj:all-f}
For every \(f\ge1\), there are strictly positive \(H_3\)-orbit masses on
\(X_f\) whose rule is exact for every spherical polynomial of degree at most
\[
t_f=
\begin{cases}
3f+2,&f\ \mathrm{odd},\\
3f+3,&f\ \mathrm{even}.
\end{cases}
\]
\end{conjecture}

The conjecture makes no maximality claim.  It is proved here only for
\(1\le f\le9\); it remains open here for \(f\ge10\).

Frequency nine is the first nonsquare instance.  A floating-point max--min
linear program on its affine line gives
\(\max_t\min_\alpha W_\alpha(t)\approx0.0220321863\), but that decimal is
diagnostic rather than evidentiary.  The exact rank computation and the
rational choice \(t=1/27\) in Theorem~\ref{thm:f1f9} supply the proof.

\begin{proposition}[Relative-interior formulation]
Fix \(f\) and \(t\).  Let \(v_\alpha\) be the invariant moment vectors from
the proof of Theorem~\ref{thm:f1f9}, including the constant coordinate, and
let \(b\) be the spherical target vector.  Strictly positive orbit masses
exact through degree \(t\) exist if and only if
\[
b\in\relint\conv\{v_\alpha:\alpha\in\Lambda_f\}.
\]
\end{proposition}

\begin{proof}
A positive orbit-mass vector expresses \(b\) as a convex combination using
every \(v_\alpha\) with positive coefficient.  Any supporting affine
functional that is constant at \(b\) must then be constant at every
\(v_\alpha\), so \(b\) is in the relative interior.

Conversely, let \(c\) be the average of all \(v_\alpha\).  If \(b\) is in the
relative interior, then for sufficiently small \(\varepsilon>0\),
\[
y=\frac{b-\varepsilon c}{1-\varepsilon}
\]
still lies in the convex hull.  Combining any convex representation of \(y\)
with the uniform positive representation of \(c\) gives a representation of
\(b\) in which every coefficient is positive.
\end{proof}

This converts the all-frequency problem into an exact finite-dimensional
convex-feasibility problem and its separating-hyperplane dual.  Numerical
linear programming may guide the search, but it is not a proof unless its
output is promoted to exact moment and sign certificates.

\section{Compatibility with the Papers I--V global object}
\label{sec:global-interface}

The multi-sorted construction of \cite{NewmanGlobal} is written here as
\[
\mathfrak G=
(\mathcal S_{\mathrm{SRSD}},\mathcal A_{\Omega},
 \mathcal D_{\mathrm{quant}},\mathcal D_{\mathrm{rat}},
 \mathcal H_{\mathrm{ico}},\mathcal C_{\mathrm{fin}};\mathcal J).
\]
Its icosahedral sort already contains the node sets \(X_f\), their
equal-weight measures, and the radial limiting measure.  Its arithmetic sort
contains the distinguished OMEGA field.  The present cubature data attach to
those two sorts, and to the exact SRSD coordinate layer, without identifying
the distinct measures or dynamics.

\subsection{Same nodes, distinct measures}

The radial branch of \(\mathfrak G\) uses
\[
\mu_f=\frac1{|X_f|}\sum_{x\in X_f}\delta_x.
\]
The certified orbit masses instead define
\[
\nu_f=
\sum_{\alpha\in\Lambda_f}
\frac{W_{f,\alpha}}{|\mathcal O_{f,\alpha}|}
\sum_{x\in\mathcal O_{f,\alpha}}\delta_x,
\qquad 1\le f\le9.
\]
Every \(W_{f,\alpha}\) is strictly positive and their sum is one.  Thus
\(\nu_f\) and \(\mu_f\) have the same full support \(X_f\), but generally
assign different masses to its orbits.

\begin{proposition}[Exact cancellation of the first radial invariants]
\label{prop:radial-cancellation}
For the invariant harmonics of Section~3,
\[
\nu_f(H_6)=0\quad(2\le f\le9),
\qquad
\nu_f(H_{10})=0\quad(3\le f\le9).
\]
The remaining low-frequency values are
\[
\begin{array}{c|cc}
f&\nu_f(H_6)&\nu_f(H_{10})\\ \hline
1&132/25&988/625\\
2&0&-4199/5250.
\end{array}
\]
\end{proposition}

\begin{proof}
The normalized spherical means of \(H_6\) and \(H_{10}\) are zero.
Theorem~\ref{thm:f1f9} is exact through degree at least six for \(f\ge2\)
and through degree at least ten for \(f\ge3\), which gives the asserted
zeros.  The two exceptional rows are exact evaluations reproduced by the
interface verifier.
\end{proof}

This is the sharp measure-theoretic distinction between the two papers.  For
example, the equal-weight frequency-two rule has
\(\mu_2(H_6)=33/100\), whereas \(\nu_2(H_6)=0\).  The radial asymptotic
formula and the positive limiting value
\(\mu_{\mathrm{rad}}(H_6)=C_0>0\) in \cite{NewmanGlobal} remain statements
about \(\mu_f\) and \(\mu_{\mathrm{rad}}\); they are not inherited by the
reweighted measures \(\nu_f\).  Orbit reweighting cancels the obstruction on
the fixed nodes rather than altering the radial geometry.

\subsection{Arithmetic specialization and canonical records}

The global object writes
\[
\tau_0=\frac1{\Omzero},\qquad
\lambdao=\frac{\ph}{\Omzero},
\qquad
\lambdao^2-\tau_0\lambdao-\tau_0^2=0.
\]
The generic quotient of Theorem~5.1 specializes by
\[
T\longmapsto\tau_0,\qquad \lambda\longmapsto\lambdao.
\]
This specialization does not collapse the coefficient field: \(\tau_0\) is
transcendental, since algebraicity of \(\tau_0\) would make
\(1/\tau_0-\ph=\pi\) algebraic.  Consequently the generic identity becomes
the exact global-object identity
\[
\sqrt5\longmapsto\frac{2\lambdao}{\tau_0}-1,
\qquad
a+b\sqrt5\longmapsto
(a-b)+\frac{2b}{\tau_0}\lambdao.
\]
Every certified orbit mass therefore lies in the arithmetic sort
\(\mathcal A_\Omega\), and the canonical symbolic record
\(\operatorname{Can}_\Omega\) specified in \cite{NewmanGlobal} applies to it.
The verifier in this package certifies the algebraic normal forms; it does not
silently substitute a new implementation for that source's frozen byte
serialization.

\subsection{Exact transport through SRSD coordinates}

For a positive scale vector \(s\in(0,\infty)^3\), let \(E_s\) and \(D_s\)
be the exact encoder and decoder of \cite{NewmanGlobal}.  Explicitly,
\[
E_s(y)=(q_s(y),r_s(y)),\qquad
D_s(d,\rho)=\operatorname{diag}(s)d+\rho,
\qquad D_sE_s=\operatorname{id}_{\mathbb R^3}.
\]
Define
\[
\widehat\nu_{f,s}=(E_s)_\#\nu_f.
\]
Then every integrable observable \(Y\) satisfies
\[
\int Y(D_s e)\,\mathrm d\widehat\nu_{f,s}(e)
=\int_{\Sph}Y(x)\,\mathrm d\nu_f(x).
\]
In particular, for every spherical polynomial \(p\) of degree at most
\(t_f\),
\[
\int p(D_s e)\,\mathrm d\widehat\nu_{f,s}(e)
=\int_{\Sph}p\,\mathrm d\sigma.
\]
This is lossless coordinate transport of an already proved rule.  Dropping a
residual channel, rounding, or retaining only an SRSD quotient is a different
record map and is not covered by the identity.

\begin{theorem}[Conservative cubature extension]
\label{thm:global-extension}
Let \(\mathcal C_{\mathrm{cub}}\) contain the fifty-two orbit masses, the measures
\(\nu_f\), their exact degrees, and their first-failure residuals for
\(1\le f\le9\).  Adjoining this sort and the three displayed interfaces gives
\[
\mathfrak G^{\mathrm{cub}}
=(\mathfrak G,\mathcal C_{\mathrm{cub}};
  \mathcal J\cup\mathcal J_{\mathrm{cub}}).
\]
This extension exists and is conservative in the following concrete sense:
projection onto \(\mathfrak G\) recovers every original component and gluing
law unchanged, while projection onto the Class-I geometry and
\(\mathcal C_{\mathrm{cub}}\) recovers Theorem~\ref{thm:f1f9}.  No floor
dynamics, finite-limb record, or SRSD transport statement is used to solve the
cubature moment systems.
\end{theorem}

\begin{proof}
The exact certificate constructs \(\mathcal C_{\mathrm{cub}}\) over
\(\Qfive\), proves positivity and the moment identities, and evaluates every
first failure.  The arithmetic interface is Theorem~5.1 followed by the
specialization above.  The SRSD interface follows from \(D_sE_s=\mathrm{id}\)
and the definition of pushforward measure.  These add a new sort and new maps
whose codomains are existing sorts; they alter none of the data or equations
already present in \(\mathfrak G\).  The two stated projections and the
dependency claim follow directly.
\end{proof}

The complete dependency boundary for this single integrated construction is
summarized below.

\begin{center}
\small
\begin{tabularx}{0.98\textwidth}{@{}p{0.15\textwidth}X X@{}}
\toprule
\textbf{Layer} & \textbf{Exact interface used} & \textbf{Not claimed}\\
\midrule
Radial & same \(X_f\); \(\mu_f\) and \(\nu_f\) distinguished
& radial asymptotics for \(\nu_f\)\\
OMEGA & exact normal form for every \(W_{f,\alpha}\)
& OMEGA origin of geometry or weights\\
SRSD & lossless decoded moment transport
& compression or quotient-only exactness\\
Floor systems & 15-bit replay remains intact
& role in moment equations or positivity\\
Finite records & the frozen canonical record accepts each field element
& a replacement byte serialization\\
Cubature & exact rules and first failures for \(f\le9\)
& proof for \(f\ge10\), maximality, novelty, or priority\\
\bottomrule
\end{tabularx}
\end{center}

\section{Provenance and literature boundary}

Invariant cubature and icosahedral orbit quadrature are classical subjects.
McLaren \cite{McLaren}, Goethals and Seidel \cite{GoethalsSeidel}, Konyaev
\cite{Konyaev}, Ahrens and Beylkin \cite{AhrensBeylkin}, Nozaki and Sawa
\cite{NozakiSawa}, and Popov \cite{Popov} are among the relevant starting
points.  Popov, in particular, describes icosahedrally invariant spherical
cubature through substantially higher orders using movable orbit parameters
\cite{Popov}.  The present question is narrower: positive orbit-constant
weights on the already fixed, radially projected Class-I node sets.

No priority conclusion is drawn here.  The \(f=1\) icosahedral design and the
\(f=2\) 42-node rule should be treated as classical or implicit unless a
complete historical audit establishes otherwise.  The exact fixed-node
calculations for \(f=3,\ldots,9\) likewise require a specialist literature
search before any novelty language is considered.

The radial construction and degree-six normalization are imported from
\cite{NewmanRadial}.  The OMEGA contract, algebra, and enclosure are frozen
from \cite{NewmanOmega}; the live-site snapshot is provenance only and is not
an executable dependency.  The ambient multi-sorted notation, exact SRSD
transport law, and the distinction between the equal-weight radial measure and
other attached sorts are imported from the Papers I--V synthesis
\cite{NewmanGlobal}.  Its local PDF snapshot is frozen by hash; none of its
unrelated dynamical or foundational claims is needed for the cubature proof.

\section{Reproducibility}
\label{sec:reproducibility}

The reproducibility record contains the manuscript source, the frozen contract, the
native baseline source, exact scripts, machine-readable coefficients, and
human-readable certificates.  The principal frozen artifacts are:

\begin{center}
\footnotesize
\begin{tabularx}{0.98\textwidth}{@{}>{\raggedright\arraybackslash}p{0.39\textwidth}X@{}}
\toprule
\textbf{Artifact} & \textbf{SHA-256}\\
\midrule
\path{certificates/cubature_f1_f9_certificate.txt}
&\hash{eeeb2e80d32cf113922b8b231debb66b}{69dea33b688244c97ae8fb73ebd6412f}\\
\path{data/orbit_masses_f1_f9.csv}
&\hash{14309b503dbed20b2c6f9612d19c16cb}{d04471ca295f85862a1add394c79305e}\\
\path{certificates/omega_embedding_certificate.txt}
&\hash{d545a86d15fde3cf4c29ca4010e1f63}{e46096b5a77522d9a94d3d6e72e27bcf1}\\
\path{certificates/omega_15bit_bridge_certificate.txt}
&\hash{4ef4248b51b69f9776fbeb375c3d99d}{793db153a7e3bea3d25175672d8e2f0ac}\\
\path{omega/OMEGA_NAUGHT_1_0.txt}
&\hash{ad71b4d5b9395ab47fae8e78decbbeb}{56aee760c9b20833358b8940eab68f8b8}\\
\path{certificates/global_object_interface_certificate.txt}
&\hash{da57a2e5c931d0b12781806a02d9e41e}{12c2be2929daa893456c00e049ebaeb9}\\
\path{src/exact_omega_replay.jl}
&\hash{313980a72104145120732d88dc55ecfa}{38785df5f01b1e9725cc22e88c7080f5}\\
\path{global_object/Global_Mathematical_Object_Papers_I-V_v1.0.pdf}
&\hash{cbe30136476c14602545eaab3b0984d0}{05cce6626378ddf8c402e28363c90ed2}\\
\bottomrule
\end{tabularx}
\end{center}

To preserve the requested single-document form, the exact CSV, certificates,
verification sources, frozen contract, Julia kernel, requirements file, run
script, and manuscript source are embedded as attachments in this PDF.  A PDF
viewer with an attachments pane can extract them by filename.  They are
reproducibility payloads of this paper, not separate papers or companion
claims.

With Python 3 and SymPy 1.14.0, run
\begin{center}
\texttt{./run\_checks.sh}.
\end{center}
The first script reconstructs all moment systems and weights rather than
trusting the stored CSV.  It verifies harmonicity, exact spherical moments,
orbit counts, the eight square inversions, the rank-eleven frequency-nine
affine system and its \(1/27\) witness, zero residuals, strict signs, first
failures, and the OMEGA channel export.  The second verifies the quotient-algebra
identity and all 52 specializations.  The third exhausts the 15-bit domain and
checks the Farey minimality certificate.  The fourth verifies the
global-object interface: common support, probability normalization, exact
obstruction cancellation, arithmetic specialization, and preservation of the
source-PDF hash.

The paper compiles with three runs of \texttt{pdflatex}; three runs are used so
the table of contents and all cross-references are settled.

\section{Conclusion}

The fixed radial Class-I grids support a concrete sequence of exact positive
cubature rules through frequency nine.  Their proof is native to
icosahedral geometry and invariant moment theory.  The OMEGA quotient algebra
then gives every resulting \(\Qfive\) coefficient an exact alternate
two-channel representation, while the frozen 15-bit contract supplies an
independent deterministic replay test with a proved first disagreement.

Relative to the Papers I--V global object, the result is a conservative new
cubature sort.  It reweights the existing Class-I node sets, embeds every
weight in the existing OMEGA arithmetic sort, and survives exact SRSD
coordinate transport.  The equal-weight radial measure, its asymptotics, and
the rational and real floor dynamics retain their original meanings.

This is the intended integration: exact geometry first, exact representation
second, and explicit dependency boundaries throughout.
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