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ABSTRACT. Let ¢ = (1+/5)/2, let Ao = ¢/(¢ + 7), and fix a quanti-
zation scale 7 > 0. For the floor-quantized recurrence
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we prove an exact finite-step decomposition of Az into the lattice
state z, and a weighted ordered sequence of local remainders. The
decomposition gives a uniform residual bound, an explicit inverse formula,
and an injective augmented-state representation. Every nonnegative orbit
reaches 0 after finitely many steps, while every negative orbit reaches the
fixed lattice state —7. We also give the corresponding affine-coordinate
form and record the parameterized extension to arbitrary contractions
O<a<l.

1. INTRODUCTION

Uniform scalar quantization maps a real quantity to a prescribed lattice;
a standard survey is given by Gray and Neuhoff [3]. The floor and ceiling
identities used below are classical discrete-arithmetic facts [2], and the
recurrence is a first-order difference equation in the usual sense [1].

The construction studied here begins with the constants

1+4/5 B _ ¢
T, QO—¢+7T, )\Q—¢+ﬂ_

For a fixed lattice spacing 7 > 0, the continuous contraction by Aq is followed
at each step by uniform floor quantization. The discarded fractional part
is not ignored: it is retained as an ordered local remainder. The principal
result shows that these remainders give an exact weighted decomposition of
every continuous iterate and permit exact reconstruction of the initial value.

The special parameter (1) satisfies 0 < Aq < 1/2. That inequality de-
termines the sign-dependent terminal dynamics: nonnegative lattice states
descend to 0, and negative lattice states descend to the unique negative fixed
point —7. Section 3 states and proves the theorem in full. Section 4 gives
the affine Omega form. Section 5 records the corresponding parameterized

(1) ¢=
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extension and identifies the negative fixed points for a general contraction
factor.

2. DEFINITIONS AND PRELIMINARY LEMMAS

Fix 7 > 0. Define the uniform floor quantizer

Y
¢l W=t ser
For an initial value = € R, define the quantized Omega orbit by
(3) Z0 =, Zpr1 = Qr(Mazk), k>0,

and define the local remainder by

(4) €k = AQZk — Zk+1, k> 0.
For n > 1, define the accumulated residual

(5) () = XG4T — 2.

Lemma 2.1 (Omega contraction bound). The parameter Ao satisfies

(6) 0< o< %
Proof. Since 1 < ¢ < 2 and 7 > 3, one has m > ¢ > 0. Hence
¢+ 7> 20.
Both ¢ and ¢ + 7 are positive, so division by ¢ + 7 gives
1
0< ) i - < 5
This is (6). O

Lemma 2.2 (Quantizer remainder). For every y € R,
(7) 0<y—-Q-(y) <
Moreover, Q-(y) € TZ.
Proof. The defining property of the floor function gives
<t <[z

T T T

Multiplication by the positive number 7 yields
TVIJ §y<7{yJ + 7.
T T

and rearranging proves (7). The lattice assertion follows because
O
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3. NEWMAN’S QUANTIZED OMEGA CONTRACTION THEOREM

Theorem 3.1 (Newman’s Quantized Omega Contraction Theorem). Let
x € R, let 7 > 0, and define zy, €k, and rn(x) by (3)—~(5). Then, for every
integer n > 1, the following statements hold.

(i) The contraction factor satisfies

1
0< A< 2.
72
(ii) For every k >0,
(8) AQ2k = Zk+1 + Ek, 0<ep<T.

(iii) The exact finite-step decomposition is

(9) 6x:zn+2)\"1k

(iv) The accumulated residual satzsﬁes

and
1 =A% T
< .
(11) 0<rp(z)<T 1_)\Q<1_)\Q<27'
(v) One has
(12) Zn € TZ.

(vi) The augmented state
(13) (#1,€05 - - - sEn—1) € TZ x [0,7)"
uniquely determines x. Stepwise reconstruction is
€
(14) P e A T S}
AQ

and the closed reconstruction formula is

n—1
(15) r =Xy 2 + Z Ag" Ler.
k=0

Consequently, for every fized n > 1, the map
En(l') - (Zn, €0y .- 7€n71)
18 injective.
(vii) If x > 0, then the orbit reaches O after finitely many iterations. Thus
there is an integer N4 (x) > 0 such that

(16) =0 (n=Ny(2)),



(21)
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and

lim z, =0, lim r,(z) =0.

For x > 0, one may take

Ni(z) <1+ V\QIJ ;

T

while N+ (0) = 0.
If x < 0, then the orbit reaches —1 after finitely many iterations. Thus
there is an integer N_(x) > 1 such that

=7 (n>N_(2)),

and
lim z, = —7, lim r,(z) = 7.
n—oo n—oo
If
=]
my = )
T

then one may take N_(x) < mj.

Proof. Part (i) is Lemma 2.1.
For part (ii), equation (4) gives

AQ2k = Zky1 + €k

Since zg1+1 = Qr(Aqzk), Lemma 2.2, applied to y = Aqzk, gives

0<eL <.

This proves (8).
For part (iii), we prove (9) by induction on n. When n =1, zp = z, and (8)
with k = 0 gives

AT = 21 + €,

which is (9). Assume (9) holds for some n > 1. Multiplying by A\q gives

n—1
Aot = Xazn + Y AG e
k=0
Using Aqzn = Zn+1 + €n, We obtain
n—1 n
1 —_ —
A?f T = Zpi1+En+ Z G ber = zna1 + Z S ke
k=0 k=0

This is (9) with n replaced by n + 1, completing the induction.
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For part (iv), subtracting z, from (9) gives (10). Every summand is
nonnegative. Since 0 < g < 7,

n—1 n—1
r(z) <7 Z ATV R =1 Z X
k=0 =0

n
=T 1= AQ.
1—Aq
Because 0 < A\$ < 1, this is strictly less than 7/(1 — Aq). Lemma 2.1 gives
1 —Xq > 1/2, hence 7/(1 — A\q) < 27. This proves (11).

Part (v) follows directly from (3) and Lemma 2.2: for every n > 1,
Zn = QT(/\an_l) € 17.

For part (vi), equation (8) and the positivity of Aq give (14). Starting from
zn and €,_1, this formula uniquely recovers z,_1; using €,_o then uniquely
recovers z,_o; continuing backward uniquely recovers zy = x. Alternatively,
division of (9) by A§ gives (15) directly. Therefore the augmented state (13)
uniquely determines x, and FE,, is injective.

For part (vii), assume 2 > 0. Since Ag > 0 and the floor of a nonnegative
number is nonnegative, induction gives z > 0 for every k. For k > 1, part (v)
permits us to write

2L = MgT, mg € ZZQ.
If my > 0, then
0 < zk11 = Qr(Aazk) < Aazk < 2k,
so 0 < mgy1 < my and therefore my, 1 < my — 1. A strictly decreasing

sequence of nonnegative integers reaches 0 in finitely many steps. Once
zn, = 0, equation (3) gives zp41 = 0, so (16) follows. Moreover,

)
21 =T ,
-
so the initial positive lattice coefficient is m; = |Aqx/7]; at most m; further
strict decreases are required, proving (18). For all sufficiently large n, z, = 0,
and hence
rn(x) = Agx — 0,
which proves (17).
For part (viii), assume = < 0. Since gz < 0,
Aqx
21 =T {QJ < 0.

-
For k > 1, write

2 = —MgT, my € Z~o.
Then

Zhp1 =T {)\Q(_kaT)J = 7|[—Aomg]

= —T[)\ka-l.
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Thus
(22) Mmi+1 = [Aamg|.
If mp > 2, Lemma 2.1 gives
Agmk<%§mk—l.
Since my — 1 is an integer,
me+1 = [Aami] <my — 1.

Also A\gmy > 0, so mpy1 > 1. Hence the positive integer sequence (my)
decreases by at least one whenever my > 2, and therefore reaches 1 after
finitely many steps. When my = 1,

mk+1 = IV)\Q—| = 1
because 0 < Aq < 1. Thus 1 is fixed and (19) follows. From
\\AQ.TJ ’7—)\(2.7}—‘
ml = — = s
T T
there can be at most m; — 1 strict decreases before the fixed value 1 is
reached, so N_(x) < mj. Finally, for all sufficiently large n,

r(z) = AGT — 2 = AGT + T
Since 0 < Aq < 1, one has Az — 0, which proves (20). O

Remark 3.2 (Scope of the residual estimate). The estimate (11) is a uniform
geometric majorant obtained from the separate inequalities €, < 7. No
assertion of sharpness is made. The proved asymptotics are r,(z) — 0 for
x >0 and r,(xz) — 7 for z < 0.

4. AFFINE-COORDINATE FORM
Define the affine Omega contraction
(23) Q) =14 Aa(v—1), veR.

Corollary 4.1 (Affine Omega decomposition). Let v € R, set . = v — 1,
and construct z and e from (3) and (4). Then, for every n > 1,

(24) Q"(v) =14+ A3(v—1)

and
n—1

(25) Q") =14z + > Ay ey
k=0

In particular, 1 + z, € 1 + 7Z.
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Proof. We prove (24) by induction. For n = 1, it is the definition (23). If it
holds for n, then

Q") =1+ Ao (Q(v) — 1)

=1+ 208w —1)) =1+ X2 (v —1).
Thus (24) holds for all n. Applying (9) to x = v — 1 and adding 1 gives (25).
The lattice statement follows from (12). O

5. PARAMETERIZED EXTENSION

The proof of Theorem 3.1 separates the exact residual mechanism from the
special inequality Aq < 1/2. The following proposition records the resulting
extension.

Proposition 5.1 (General floor-quantized contraction). Let 0 < aw < 1, let
7> 0, and let © € R. Define

(26) up = x, up1 = Qr (uy), Ok = QR — Upy1.

Then, for everyn > 1,

n—1
(27) a"r = uy + Z an17kg,
k=0
where 0 < 6, < 7, and
1—a"
(28) Oga":v—un<71_a.
The augmented state (un,dp,...,0n—1) uniquely determines x through
n—1
(29) r=a "u,+ Z a k15,
k=0

If x > 0, then u, reaches 0 in finitely many steps. If x < 0, then u, reaches
a fized state —mooT, where meog s a positive integer satisfying

(30) Moo(l —a) < 1.

Conversely, every positive integer m satisfying m(1 — ) < 1 gives a fized
state —mT. Thus the possible negative fixed-state coefficients are precisely

(31) m€{1,2,...,[1ia—‘1}.

In particular, if 0 < o < 1/2, then the unique negative fized state is —T.

Proof. Lemma 2.2, applied to y = auy, gives
QU = Ukt + Ok, 0<dp <.

Induction identical to that used for (9) yields (27). Subtracting w, and
summing the geometric series yields (28). Division by o™ gives (29), proving
exact reconstruction and injectivity.
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If x > 0, then every u; > 0. For k > 1, write uy = q,7 with g, € Z>o.
Whenever g > 0,

0 < upr1 = Qr(aug) < aug < ug,

S0 qx+1 < qr- Therefore the orbit reaches 0 in finitely many steps.
Now let z < 0. For k > 1, write uy = —my7 with my € Z~¢. Then

Uk+1 = TL—@ka = —7[amy],
SO

(32) Mme+1 = [amyg].
Because 0 < a < 1,
I <mpqr < my.
Thus (myg) is a nonincreasing sequence of positive integers and must stabilize.
A positive integer m is fixed by (32) exactly when

m = [am].
By the defining property of the ceiling function, this is equivalent to
m—1<am<m.

The upper inequality is automatic because o < 1, and the lower inequality
is equivalent to (30). Therefore the stabilized coefficient satisfies (30). Con-
versely, any positive integer satisfying that condition is fixed. The positive
integers strictly less than 1/(1 — «) are exactly those in (31). If 0 < o < 1/2,
then 1

1<{—— <2,
so the set (31) contains only m = 1. O
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